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010 0000

gboboobooboobooboooobooboboooooooboooboooooobOOoOolT™MLOO PDFOO
U000b000b0O0000Saged 0000000000000 OOO@MOOOOOOOODO SageOO O
0000000000 0000000 Help,OODO Tutorial OO OO DOODO)O

SageODDOOOOO0ODO PythonODOOODO0ODOOOO0ODOOOOODOOOODOODOOOOOD Python
OO00o0ooDoOoO0o0o0oooDob pythonODOOOO0OODOODOOOO@MODOOOOOO)WDDODOOO
oboo0 PpythonOOOOOOOO [PyBJOOOOOOOOOOOOOOOODOOOOOOODOOOOOO
0000000000 Seaged000ooboooboooboobbooooooboobobooobooobooboooo
goooo:

sage: 2 + 2

4

sage: factor(-2007)
-1 * 342 * 223

sage: A = matrix(4,4, range(16)); A
[0 1 2 3]
[4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor(A.charpoly())
XA2 % (xA2 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,51);
sage: E
Elliptic Curve defined by yA2 + x*y + 3%y = xA3 + 2%xA2 + 4*x + 5
over Rational Field
sage: E.anlist(10)
[6, 1, 1, &, -1, -3, 0, -1, -3, -3, -3]
sage: E.rank()
1
@ooooooo)
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(ooooooooo)

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/(20%sqrt(73) + 36*I*sqrt(3) + 27)

sage: N(k)
0.165495678130644 - 0.0521492082074256*1
sage: N(k,30) # OO0O 30000

0.16549568 - 0.052149208*1
sage: latex(k)
\frac{363}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

11 000000

00 Sage0000000DOOODODOOOOOOOOODODOODODODOOOOOOODOOODDODODOO
OO http://sagecell.sagemathorg OO0 000000 OO0OOODOOOOOO

Sage U0 DOUOOO0OOOOODOOO0ODOOOOODOODOOOOODOO SagedOOODOO [SAJ]ODOOO
0000000000 "Sagelnstallation Guide'D 0 000000000000 O0OOOOOODOOOOO
oood

1. Sage OO DOODODDDODODDDODOOO0O0O0O00O0O0O00O0DOOOQDOOOOSaged Python, IPython, PARI,
GAP, Singular, Maxima, NTL,GMP O O O0OO0O00O0O0O0O0O0O0O0DOODO0O SageOOODOODOO
gboooboooboobooboboob0ooboobooobooobD0oooobOodnDMacaulay 0 KASHO
000000000000 000D0000000D00 SegebO0O0O0OOOOOODOODOOOOO
gbooobooboooooboooboobooboobooobooobooobooooboboobo@oboooon
0000000000000000000,sage -optional O OOO0O00O0O0OO SageO OO
OO0 "Download"'D OO0 0O0OD0OODO)O

2. 0000000000000 Sage(Sage O OUODOO)OOOOODOOOOOOOOOOOODOOO
oboooooobooobooobOooboOobobooboobbog sage00000oooooooooon
oood

3. SageTeXOOOOOODOOOODDOO (SageTeX O Sage DO O OOD0 LaTeXOOODOODOOOO
Uo00oOoo0o0)ooooOoD TeXOOOOOOOOOOODO SageTeXOOOOOOOOOOODOOO
OO0O00D00D0 Sage installation guide 0 O "Make SageTeX knownto TeX" OO0 OO0 D OO0 (OO
ooooooobooooooooooooooooo)yooooooobooooooooobooooooo
000000 TeXOOOOOUOOODOOOOooDOoO 100bo0000ob0o00ooooon

SageTeX 0 0O 0O 0O0OODODODO OS$SAGE_ROOT/venv/share/texmf/tex/latex/sagetex/ 0O O O O
$SAGE_ROOT O Sage DD ODOODDDODOOODDDOOODDOOO /opt/sage-9.6 OO0
ooooooooo
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1.2 Sage 0 0000

SageUODOODOODOOOOODOOOOODOO

- 00000 U000ObOUODU0ODOODbUObOOO: sage -n jupyter 0 OO ODO. Jupyter documentation
on-line 0 O 0O.

- J000DO0O0O0O0DO:000000O0000

O000000:Sage0000000000OO0O0O0DOOODOOODOOODOODOOO0O (Saged O
goooboooboog oo bobooooobooo)yboo

- J0000D0O0O:Sage0 000000 ODOOOOOOOUDO PythonOODOODOODOO (WD ODOO
00O Python/Sage U OO OO OOOO).

1.3 SageI 0 OO0

ObO0:Sage 000000 DOODOODOOOOOOO@OOOOODOOODOO)ODOODOOO
gobooooboboobobobobboobooobboobobooboboboobbobobo
O00D0000D0O0Saged000OO0O00DOOO0ODOOOODOOOODOODOOODDOOODOOOO
obOob00oooooOobOobobOoooobooboobOobOobOobbSage00ooooooOoOonO
gboobooobooobooboooboaoboan

OO00:000000000Saged GMP,PARL, GAPNTLOODOOOOODOOOOOOOOOOO
gbooobOobooooboboooobooooboobooooboon

gooooooobooooboo.b0o00obo0oooobooobooobooooboooDoooobboooboo
OO0000000 Sage000O0O0DO0OO0O0OO0DODOOOOODODOOOODOOOOOODOOOOO
bobooboooooobooboobooboobooobooobooboooboobobooooan
ooboooboboobooobooooooooboobooobobooooooboobobooooboooobooon
oboboobOobobobobooooooooooooboo0oobooun SageooooonO
OO0000D0000 Sage00D0O0OO0O0OO00DODODOOOO0ODDOO0OOOOSage0OOOO
gboobOobooooboboooobooooboobooooboon

s J000OD00O0DO: SageOOLinuxD OSXOODOO WindowsOOODODODOOOOODOOOOODOO
OO000ooO0O000DO0o0000DO0O000000000D0O000 SageoooooonO
goooooooo

00 DO : Sage O OPARIO GAPLO Singularl] Maximall KASHO Magmall MapleD [0 O 0 Mathematica
obooo0oooooobooboboo0oobooboobobU0obOoboooboOogSagedonoonO
Oo0o0oo0o0o00oooOo0o0ooboobooooon

gbogodgb:boobgboguboobooboboboboobobooboooboaboa
gboooboobooboobobboobooboobooboobon

- J00:00000000000O000O0C0O0DOO0DODOOOOOOOODOODOODOODODbOOOn
obooooOobooooobobooobooboboooboobooooobobooooaon

- JO0000OO0OCOOO:0DOODOODOLOOUODOODOODOLODOUObDOODOODOLODO
boboboboboboooooboooooboobooboboboboobooooboooooooo
oboooooooooooo

1.2. SageOO0O0O0O 5
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120 Sagell 00O

O0o000O0Sage0OOOOOOOOOOOOOOOO0O0OO0OOOOOOO ...O0OOOO0O0O0O0OOO
00000000000 "SageConstructions"0 0000000000000 O0O0ODOOOOODOOO
00O "Sage Reference Manual"O OO OO0 0000000000O0OSage0 000000 HelpODOOO
oj0ooooOo0oooooUooboooOo0opoooOoUooooooooog

(0DOOO0O0O00DO0O Saged00DOOOODDOOOODOODUODDOOOODDOUOOODO
shift-enter 0000000 shift-enter 0000000 0O0O0O0O0OOO0OOODOOOOOOOOO
O00OMacOOODOOO shift-enter 0000 shift-return 00000000000 OOO0O)

21 00000000DO0OO

O00D0000000000Sage00000000DDO PythonODOOOOOOOOPythonOOODOOO
b SageO0O0O0OODOOO0OO0OODOODO

Sage U0 DOOD0OO0OD =0000000 =0<=0>=0<0>00000

sage: a = 5
sage: a

5

sage: 2 == 2
True

sage: 2 ==
False

sage: 2 < 3
True

sage: a ==

True

gboooobooooooon:

s N

sage: 2%*3 # * 000000000

8

sage: 243 # A 0*»*0 0000000000 (PythonOOOQOOODO)
8

sage: 10 ¥ 3 # U0O0OO0O0OO %20 mod, OOOOOOOOO

1

sage: 10/4

5/2

(o0o0ooooon)
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(0O0oooooooo)
sage: 10//4 # 000000 /00000

sage: 4 * (10 // 4) + 10 % 4 == 10
True

sage: 322*%4 + 2%5

38

322%4 + 2%500000000000000O0CO00OOCO0OO0OOO00OOOOOOOOOOODOOOOOO0
gbbooboooooboooboobooooon

Sage U0 ODOOO0O0OODOOODOOOOODOODOOOODOOODOODOOODDODOODOOOOODOOO
gobogooog:

p

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt(3)

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
booouobdO0n0O0OO0O0O00D00n0O00@OOO0O00D0O00O0O00 numerical_approxO 00O
obobOoNOnOODOOOO))OODOOOOOOOODOO0O0O0OO0O0O0 precO000O0O0O0O0O0OO0OOOO
digits 0000000000 S300000000000000

sage: exp(2)

er2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi).numerical_approx()
1.77245385090552

sage: sin(10).n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

PythonOOOOOOOOOOOODOOOOODODOOOOOOOODOOOOODOOOOOOOODOOOOO0
obooooobooboOpythonODO0OO0ODODOOOOODOOOODODOOOOODOOOODOODO:

sage: a = 5 # alOO

sage: type(a)

<class 'sage.rings.integer.Integer'>
sage: a = 5/3 #alUOOOOOOO
sage: type(a)

(00o0ooooo)

8 020 SageOOOOnO
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(ooooooooo)
<class 'sage.rings.rational.Rational'>
sage: a = 'hello' # 000 a0 00O
sage: type(a)
<... 'str'>

oobooOooooocoooooboooooooooboooobooooobooOooOooooboOonn (in
gobooooobooooobobooooobobooboobooboooooDo

22 000000

Sagee 00O OOO0OOO0ODOOOOOODOOOOO@OD)ODODODODODOODOOODDOOOO?OOOO
gboooooboboooooboon:

sage: tan?
Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:

sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)
1
sage: tan(l/2)
tan(1/2)
sage: RR(tan(1l/2))
0.546302489843790

sage: log2?

Type: <class 'sage.functions.constants.Log2'>

Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)

(o0o0ooooon)

22. 000OO0OOO 9
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(oooooooog)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)
log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 #0O0O0O 32000
0.69314718055994530941723212145817656807 # 000 64000
sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku(A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:
sage: A = matrix(zZz,9,[5,9,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
9,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,60,0, 2,0,8, 0,0,0,
90,0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
90,0,0, 4,9,0, 0,5,0, 0,0,3])

sage: A

[5S000800 4 9]
[O0 05000 3 0]
[067 30000 1]
[I5000000 0]
[O0 020800 0]
[OO0 00000 1 8]
[70000415 0]
[03000200 0]
[49005000 3]

sage: sudoku(A)
[51368724029]
[8495216 3 7]

[2 6734958 1]
(00o0ooooon)

10 020 SageOOOOnO
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(ooooooooo)

[158463972]
[97 421836 5]
[32679541 8]
[78293415 6]
[63517289 4]
[4918567 2 3]

OO0 Sage 00 DO0O0O00000O0DODOODOOOOO0TABOOOOODODOOOOOOOOODODODOOOO
Ub0o0oboo00O0ob0o0b ta0O00OO0O0 TABOOOODOOOSage O tachyon, tan, tanh,taylor
obobooooboobooooboooboooboooboooobooobooboooobooooboooobooobooon

23 00,000000D00D0O00O

Sage DU 0OOO0OOOODOOODOOdef00D00O0O0O0ODOOODOODOOD :0OO00ODOODOOOO
goo:

sage: def is_even(n):
sooot return n % 2 ==
sage: is_even(2)

True

sage: is_even(3)

False

ob:000000000000000b0000000bO000O000bO0b00O0 20000000000
L.ggooooboobobooobooboboobooboboboobobobbobobooobaban
oboboobooooboooobobobobooboooobO0obO0bOobOob0oOoOooOonOg Return/Enter
gbooboobooobooboboooobooooboooboooon

oboooobooooboobooooboboooooboooooboOobobooobobooooooon
Ub00ob00ooooooDobD0oDOobOob divisorDO0O0OO0OO0OO0OO0OOO0ODO divisor=2000000
gooo:

sage: def is_divisible_by(number, divisor=2):
ao- return number % divisor ==
sage: is_divisible_by(6,2)

sage: is_divisible_by(6)

sage: is_divisible_by(6, 5)

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobgbooboobooboobooobd:

23. 00,000000D0O0000OO 11
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sage: is_divisible_by(6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

Python 0D DOOO0DOO0OO0O00OO0O0DDOOODOOOOO begin-endDOO0O000O0O00DDOOODO
OO00o0oooooOpPythonO0O0O0O0O0ODOOOOOOODOOOOOODODO@@OO)OODDODOO
oboboooboofreturnd000000O0O0O0O0O0DOO0DOOOOOCOOOOOOOOODOODOOO

gobooooboooboobn:

sage: def even(n):

eeeat v = []

cooot for i in range(3, n):
ceaat if i %2 ==

noook v.append (i)
R return v

Syntax Error:

return v

gboobooboooobobooooboooobooooooooDo:

sage: def even(n):

P v = []

e for i in range(3,n):
ceaat ifi %2 ==0:
eeeat v.append (i)
R return v

sage: even(10)

[4, 6, 8]

bobooooooooboooooboobobobooooobooooooooobooboboboobloboon

gboooooboooocobOoboooooboboooobooobooon:

sage: a = 5; b=a + 3; ¢ = b*2; c
64

l0gbobooooboboooboobobobooboboooobobobooboobOon:

Sage 00 DOOO0O0O0ODOOOOOODOOOOOODOOOOOODDOOODOOODOOO1D00 C++0O

JavaOOOO for(i=0; i<3; i+ OOO0O0DOOOOODO:

sage: for i in range(3):
booof print(i)

(o0o0ooooon)

12
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(ooooooooo)

0000000000 for(i=2;i<5;i+) 00000000

sage: for i in range(2,5):
boooE print(i)

range JO0 000000000 O00O00OO0O,000000D for(i=1;i<6;i+=2)00000O0O0O0O.

sage: for i in range(1,6,2):
coook print(i)

Sace U0 DO0OO0D0O0O0ODOOOOODOOODOODOOOOODOODOOODOODODODOODOODOOO
oooooooboooooooboooooobooboebOoOODbOUOODOOO 20030000
goooog

sage: for i in range(5):
boooE print('%6s %6s %6s' % (i, i*2, i*3))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

SageUU0O0OO0OO0OOOOODOOODOOOOODOOOODOOODOOOOODOOODOOOOODOOODOOOO
gobobbo0dbDrangeJ 000000 0OOOOODOOOO

sage: list(range(2,10))
[2’ 3! 4’ 51 6! 7’ 8! 9]

goobgooooboooboooboo:

sage: v = [1, "hello", 2/3, sin(x*3)]
sage: v
[1, 'hello', 2/3, sin(x*3)]

oooooooooooooboooooboooooooonbObOO

23. 00,000000D0O0000OO 13
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sage: v[0]
1

sage: v[3]
sin(x*3)

viOoooooobOd len(vy OO0 vOODOOOOOOOOOOOODOOOOO v.append(obj)
obo0vO:00000000000000 del v[ilODOO:

sage: len(v)

4

sage: v.append(1l.5)

sage: v

[1, 'hello', 2/3, sin(x*3), 1.50000000000000]
sage: del v[1]

sage: v

[1, 2/3, sin(x*3), 1.50000000000000]

N\

goooobooooooboobooooboob @ooobooOo)ooobbooboboobooboooboo
gbooooboooboobooboooobobooooobooobooboobooooboboooobooboon
(oOooboobOoboooobooooboobooon)o

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: d[e]

pi

gboooobooooboobooooboboooooboooboobobooooboboooobooboon
Ob0O0O0Sage0O0O0DOO0OO0O0OOOOCODOOOOOOOODOOOOOOOODOOOOOROO0O00O0O0O0O0
obooooobobooob0ob0oooobobooobOonob list0000o0non

sage: class Evens(list):

- def __init__(self, n):

coook self.n = n

boooE list.__init__(self, range(2, n+1, 2))
cooof def __repr__(self):

ceeat return "Even positive numbers up to n."

0bobooooo0o0ooooooDoDbOD _finit__ 000000000 __repr__0O000000OOOO
00000000 _init__ 00000 200000000000000000000D00 EvensO OO
gbooooboooobooooogb:

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

eJ000000O0O0O0O0O00O _repr__0O000O0O0DOODOOOOOOCOOOOOOOOOOOOOO

14 020 SageOOOOnO
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gbooob0obon listooogn:

sage: list(e)
[2, 4, 6, 8, 10]

ndO00000000 edbO0OOO0ODbDOOOODOODOOOO

sage: e.n
10
sage: e[2]
6

24 0 00000OODOO
Sage 0000000000000 0000O0O0OO0OO0OO0OODOOO0ONOOOO0O0O0OOOOO0O0O
0000000000000000000000000000000000 Sage Constructions 10000
0000oo0o0000ooooo

241 000000

gbooooooboooon

solve U0 UODOOOOODOOOOODOODOOOODODOODOODODOODODODOODOODODOO
gboooo(@obobo0)obooobuobo selveOOOoooooOOQ:

sage: x = var('x")
sage: solve(x*2 + 3*x + 2, X)
[x == -2, x == -1]

gbooooboooobOobooooboboooboooboon:

sage: x, b, ¢ = var('x b c")
sage: solve([x*2 + b*x + ¢ == 0],x)
[x == -1/2*%b - 1/2%sqrt(b*2 - 4*%c), x == -1/2*%b + 1/2*sqrt(b*2 - 4*c)]

gobgboboobooaobooaobod:

sage: x, y = var('x, y')
sage: solve([x+y==6, x-y==4], X, y)
[[x == 5, y == 1]]

OO0 JasonGrout DO O O0O0OO0OOSage 000 0O0OOO0OOO0OOOOOOODOODOODODODOODOOO
gboooooooon:

24. 000OO00ODOOO 15
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sage: var('x y p q')

x, vy, p, ©

sage: eql = p+gq==9

sage: eq2 = Q*y+p*x==-6

sage: eq3 = q*y’2+p*xr2==24

sage: solve([eql,eq2,eq3,p==1]1,p,q,X,y)

[[p==1, q == 8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, q == 8,
X == 4/3*sqrt(10) - 2/3, y == -1/6%sqrt(10) - 2/3]1]

gbooooboboooooboboooobog:

sage: solns = solve([eql,eq2,eq3,p==1],p,d,X,y, solution_dict=True)
sage: [[s[p].n(30), s[q]l.n(30), s[x].n(30), s[y]l.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

ndO000000000000000.n00000C0O0O00DOO0O0O0O0DO0OOCOOODOOO0

gboooooobooon

ooooobo @ooOoooo)bod solvelODODOOOooooobOoobOoobbOObDOObDOOO
O0000D0O00000 find reotO00000O000O0DOOOOOOODODODOOODODDOOOOO
obO000 selveOOOOOODOOOOODOOOOODOO

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

000000 find root 0000 0O< o< n/20000000000000000000000O0.

sage: phi = var('phi')
sage: find_root(cos(phi)==sin(phi),®,pi/2)
0.785398163397448. ..

242 00000O0OOODO

Sage 00000000 0OCOO0OOOODOOOODOOODOOODsin(u)0w00000000O0O0OOOO
ooo:

sage: u = var('u')
sage: diff(sin(u), u)
cos(u)

sin(2?)0 40000000000:
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sage: diff(sin(x*2), x, 4)
16*xA4*sin(xA2) - 48*xA2%cos(x?2) - 12*sin(xA2)

2 +17y?0 20 y000000000000000DOO0:

sage: x, y = var('x,y")
sage: f = xA2 + 17%yA2
sage: f.diff(x)

A&

sage: f.diff(y)

34*y

000000000000 [asin(2?)de O foleﬁd:zzDDDDDDDDD

sage: integral (x*sin(x*2), x)
-1/2%cos(xA2)

sage: integral(x/(x*2+1), x, 0, 1)
1/2*1og(2)

- 0000000000000:

sage: £ = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)

-1/2/(x + 1) + 1/2/(x - 1)

243 00000O0O0O0O

Sage 00000000000 O0ODOOUOOOOOOOZ+2z—1=000000:

s N

sage: t = var('t") # 00O t0O0O0O

sage: x = function('x")(t) #x 0O t000000O
sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + ert)*er(-1)

000 Sage 0 Maxima [Max] OO0 O0O000O000O00O00O0C0O0O0OO0O0OO0O0D0O00O0O00O Saged O
00000000000000000000000000000 z(t)=e"Y(e!t+c)000000000
ooo

0000000000000000D0D0¢%e! —-sin()0000000000000000000

sage: s = var("s")

sage: t = var("t")

sage: f = t*2%exp(t) - sin(t)
sage: f.laplace(t,s)

-1/(s*2 + 1) + 2/(s - 1)A3

24. 000OO00ODOOO 17



Sage0 0 UJO0OO0O,0000 10.4

gboooobooooboobooooboboooooboooboobobooooboboooobooboon

|------ \/\/N/\/\---massl|----\/\/\/\/\/----|mass2|

springl spring2

gbooo2000000
mlx’l' + (]fl + kg)xl - inCQ =0

’I’I’LQ.’I?IQI =+ k‘g(.’l?Q — .’1?1) =0,

oooopoooooooo ;00000000 ;,000000:;00000000000D000 ;0
ob:;000000000

00:00000000000000 my =2,my =1,k =4,k =2, 21(0) = 3, 24(0) = 0, 22(0) = 3,
25(0)=00000Sage 00000000000

ob:00 1 0000000000000 00 @00 z=x1,y=20000):

sage: del = maxima("2*diff(x(t),t, 2) + 6%*x(t) - 2*y(t)")

sage: ldel = del.laplace("t","s"); ldel.sage()

2*%sA2%laplace(x(t), t, s) - 2*%s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
2*D[0] (x) (0)

00000000000000000000000
—227(0) 4 252 - X (s) — 252(0) — 2Y(s) + 6X(s) = 0

000000 (@UO0OU00O00000 2(t)0000000000OD00000 X(s)ODooooo)o2o
oboooooooboooooooon:

sage: s = SR.var('t,s")

sage: = function('x")

t,
X
sage: y = function('y")
f = 2%x(t).diff(t,2) + 6%x(t) - 2¥y(t)
sage: f.laplace(t,s)
2*sA2*%]laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
2*D[0] (x) ()

. J

sage:

ooooooon
—Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

0000 «(0),2/(0),y(0) 0000 % (0)0000000002000000 X0Yy0OOOOODO:

s N

sage: var('s X Y")
(s, X, V)
sage: eqns = [(2%sA2+6)*X-2*Y == 6*s, -2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s*3 + 3*s)/(s"4 + 5%s*2 + 4),
Y == 3*%(s*3 + 5%s)/(s* + 5%s*2 + 4)]]

18 020 SageOOOOnO
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gboobooobooooobooogd:

sage: var('s t')

(s, ©

sage: inverse_laplace((3*s”3 + 9%s)/(s*4 + 5%s*2 + 4),s,t)
cos(2*t) + 2*cos(t)

sage: inverse_laplace((3*sA3 + 15%s)/(s*4 + 5%sA2 + 4),s,t)
-cos(2*t) + 4*cos(t)

gboooooboooooboo
x1(t) = cos(2t) 4+ 2cos(t), x2(t) = 4cos(t) — cos(2t).

gboooooobooooooo

sage: t = var('t")

sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
ce..: (t, 0, 2%pi), rgbcolor=hue(0.9))

sage: show(P)

goboobooboobooon

sage: t = var('t")
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

ojododoooo ooooobob 0boOOO0oO0ooooooooooooooobbooobooooooao
[NagleEtAI2004] O 5.500000000000000O

244 000000O0OODOOODDOOO

gboooolroooboo2b0000b00b00ob0oboboooboooobooboboooboooboo1boon
gboooobooooobooboooobooboooboobooooono

y = flzy), yla)=c
000000000000000b>e00000 z=b00000000000000000000
0Oo0O00O0Oo00

vy yl@+h) —y(z)
y(@)m =———,

000 AR>000000000000000000000000000000000000 f(z,y(z) =
Yeth) @) ppppoo000 yz+A)0000000:

yle +h) ~y(@) +h- flz,y(r)).
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(000000 OooOOoOoOoooooOO)h: f(e,y(x)) D "O0OO0"OODO0O y(x) O yO "OO0OO (old)",
ylx+h) O yO "O000O ew)'D 00000000 OODOOOOO

Ynew %yold_’_h'f(xayold)-
goooooooood

O00«0000000000000000000 h:b_TaDDEIDDEIDDDDDDDDDDDDD
obooooobooboooooboboooboobobooonog

a c h- f(a,c)
a+h c+h- fa,c)
a+2h

b=a+nh 277

0000000000000 0000000oo0Uo0o0DUoUoOo0 y)Oooooooooooo
go?»?o00booogooon

gboooobdooooooboooobobooon

O0:2"+t2+2=0,2(00=1,2/(00=000000¢t=10000 2(¢)00400000000000
goooooooooooooo

0000000200000000(xz=2y=2000)00010000000000000000O0
oboooooooooon

sage: t,x,y = PolynomialRing(RealField(10),3,"txy").gens(Q)
sage: f=y; g=-x-y *t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t X h*f(t,x,y) y h*g(t,x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

O000oo z2(1)=0650000

0 (¢,y) DDOOO0OODOODODOOODODODODOOOODUODOOODOODODUOODOOOODOOOO
eulers_method_2x2_plot 00O O0O0OCOODOOOOOD (¢, o,y ODODDOOOODOODOO fO g
gbooooboooobooboo

sage: f = lambda z: z[2] # f(t,x,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,x,y)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

-sin(x)

gbobooobopO2000000000000000000O00::0¢tOD00DOOODOOPIE]IOODOOY
o:toooobooooprp[ilO0O0bO0oO0OO0ObOO0ObOOO0oOoOobOOoOoOoooOobooon:
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sage: show(P[0] + P[1]) J

gobooboooooboboooobooooobooao)

245 0000

O0000D0OCO0O0O0OO0ODDOCOPARI[GAP]IODOO Maxima[Max] DO OO0O0OOOOO0O0OODOOOOO
0000 SageOO0DOODOODOOOOODO® Orthogonal polynomials" (OO OO O)O*" Special functions"(O
oooO)ooooooooo

sage: x = polygen(QQ, 'x')

sage: chebyshev_U(2,x)

4*%xr2 - 1

sage: bessel _I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel _I(1,1).nQ

0.565159103992485

sage: bessel _I(2,1.1).nQ)

0.167089499251049

gbb0odoboooboOSaged00O0obOoobDOoobDOOobOOO0OOOOO0ODOO0ODO (wrappoooo
obooobOoobooobooobboobooboboobo0O MaximaOOOOOOOOOOOOOOOOOOOOO

sage: maxima.eval("f:bessel_y(v, w)")
'bessel _y(v,w)'

sage: maxima.eval("diff(f,w)")
'(bessel_y(v-1,w)-bessel_y(v+1l,w))/2"'

25 000000

SageU0O OO0 2000003000000000000O00O0O00ODOO

251 2000000

Sage 200000000000 O0O0DOOOOOOODOOOOOOOOOOODOOOOOOOODOOOO
goooooooooogooooooOopooOoooooooooooooDooooobooDOoooboobooog
000000D000000Db0O00 Seged0000oooOobOooooboooo ooonoobDoo o
O Maxima 0O OO O Sage Constructions OO O0O0OO0O

gboooooboooboobobooo1ooboooon:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive
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gboooboooboooooboo

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)

Graphics object consisting of 1 graphics primitive

gbooooboobooboboooobooooboobooooobooooboobooooboon

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

Oo0o0o0oOopDOoo0oonfd c.showQ OO0 show(c) OODOODO:

(sage: c.show()

0000 c.save('filename.png" ) U0 OO OO00OODOO0O0 cOOOODOOOOOOODOOODOO.

gbobooboobooooboooboobboooooobooobooooo0ooboobobooobooooooon
gooood:

sage: c.show(aspect_ratio=1)

000000000 show(c, aspect_ratio=1) 0000000000 O0O0O0O0OOOOOOOOOOO
c.save('filename.png', aspect_ratio=1) 0O0O0OOOOODO

gobobooboaooboaoood:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

gobogbobooboobooboabooabooban:

sage: x = var('x")
sage: parametric_plot((cos(x),sin(x)*3),(x,0,2*pi),rgbcolor=hue(0.6))
Graphics object consisting of 1 graphics primitive

oooogooooooobooboooooboboooooboobooobooboooobobbooooDboo
goooboooobooobooooobooobooboooooboo@woobo)booboobooobooo
ooooon

sage: plot(x*2,(x,300,500))
Graphics object consisting of 1 graphics primitive

gbooooboboooooboboooooboboooboobooog:

sage: x = var('x")

sage: pl parametric_plot((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot((cos(x),sin(x)*2),(x,0,2%pi),rgbcolor=hue(0.4))

sage: p3 = parametric_plot((cos(x),sin(x)*3), (x,0,2%pi),rgbcolor=hue(0.6))

sage: show(pl+p2+p3, axes=false)
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gbobooooboobooboboboooboooobooboboboooboobo@boobO0 Lbdn polygon
obooooboooobOobooooboboooboobobooobobooooobooooonoa:

sage: L = [[-14+cos(pi*i/100)*(1+cos(pi*i/100)),

venatr 2%sin(pi*i/100)*(1-cos(pi*i/100))] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

show(p, axes=false) 00000000000 DOOOODOOOOO

gobobobooboobooobooboodab:

sage: L = [[6%cos(pi*i/100)+5%cos((6/2)*pi*i/100),

ve..: 6%sin(pi*i/100)-5%*sin((6/2)*pi*i/100)] for i in range(200)]
sage: p polygon(L, rgbcolor=(1/8,1/4,1/2))

sage: t = text("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

obb0000arcsin00000O0O0O0O0O0OO0O0COOODOOOOCODOOOOOOODOOOOOOODOOO
00000000000000 20 —27r00 27000 y=sin(xz) 0000000 4500000000
00o000o0oboOoo0boobDOobOon Sage0OooooboboooooboOoOoO:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)

Graphics object consisting of 1 graphics primitive

U0 (an) 000 sin0000000O00O0O0ODOaresin0000000O000DO00O0COOOODOO x-0O
oboooooooooooboboooog:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage U0 O(@OOOOO0OOODOOOO)ODODOO0OO0OOO0OO0ODOOOOOOOOOOOOOOOODOOOO
oboooooobooooobooboooobobooon:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

25. 000O0OODO 23




Sage0 0 UJO0OO0O,0000 10.4

2523000000

SageDO 3000000000000O0O0O0DOCOOO0ODOOODOOOREPLOOOOOO)OOOOS3
0ooo0o0oooob0oboobooo0b0b0obobo0onoODO [ThreelS]OODODOOO0OOOImol OO
gbooooboboooooboooooan

plot3d00O00O f(x,y)=2000000000000000:

sage: x, y = var('x,y")
sage: plot3d(x*2 + y*2, (x,-2,2), (y,-2,2))
Graphics3d Object

000 parametric_plot3dU0 000 z,y,z 000 10000 20000000 @OOO0O0O0ODOOO
«wO0o0o0b00b000000000)0boooboooobooboboobooooobooooobooboboon
gbooooboboooooboboooog:

sage: u, v = var('u, v'")

sage: f x(u, v) = u

sage: fy(u, v) = v

sage: £ z(u, v) = ur2 + vA2

sage: parametric_plot3d([f_x, f.y, f z], (u, -2, 2), (v, -2, 2))
Graphics3d Object

Sage0 30 0000000000DO0O0O0O0O00OO0DO0O implicit_plot3dO00000000 (HDOOOOO
000o0ooon) f(r,y,2)=00000000000000000000O0O0OOOOOUOOOOOOOO
ooooooog:

sage: x, y, z = var('x, y, z")
sage: implicit_plot3d(x*2 + yA2 + zA2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

oooooooooooos3oopoooooooooog:

goobooooad:

sage: u, v = var('u,v')

sage: fx = u*v

sage: fy = u

sage: fz = vA2

sage: parametric_plot3d([fx, fy, fz], (u, -1, 1), (v, -1, 1),
....: frame=False, color="yellow")

Graphics3d Object

0000000 @Ooo):

sage: u, v = var('u,v')
sage: fx = (l+cos(v))*cos(u)
sage: fy = (l+cos(v))*sin(u)
@ooooooo)
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(ooooooooo)
sage: fz = -tanh((2/3)*(u-pi))*sin(v)
sage: parametric_plot3d([fx, fy, fz], (u, 0, 2%pi), (v, 0, 2%pi),
....: frame=False, color="red")
Graphics3d Object

0000000 (twisted torus):

sage: u, v = var('u,v')
sage: fx

(3+sin(v)+cos(u))*cos(2*v)

sage: fy = (3+sin(v)+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([£fx, fy, fz], (u, 0, 2*pi), (v, 0, 2%pi),
....: frame=False, color="red")

Graphics3d Object

0000000 (@oO, lemniscate):

sage: x, y, z = var('x,y,z")

sage: f(x, y, z) = 4%*xA2 * (X22 + yA2 + 272 + z) + yr2 * (yAr2 + z*2 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

26 J0000OOOOO
00000000000000000000000000000000000000000000000
00000000000000000000000000

Sage 000 0000000000000 O0O0O0OOOOOOOOO:

.00, 000000000000 D0O0000O0O000O0OPython00D0O00O0O0DOOOOODOO
gboooobooboooboboooooboooooaon

sage: def f(z): return z/2
sage: type(f)

<... 'function'>
sage: £(3)
9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

.

oo0oobooob0ooo0oboooboOonDoon plot(f(2), 0, 2000000000 0OODOODOOO
o0o0Db0zO f00000000O0O0O00O0DOOOOOOOODOOODDOOOOODOOOODOOO
f(z)00000D00O0OO00O00O0DODOOO0OO0O0O0ODODOOOO0O0O0O0OOOOOOOODOODOOOO00OO
oboooobobooo@oo40000)d
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s N

sage: var('z") # zO0OOOOOOO

z

sage: £(z)

L)

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

oboono f(x000b00boo0ooobobooobooobooooobooooobooboooooon

2.0000000000000D000 (callable symbolic expression) 1 D00 00000 OO0OOODOOOO
ooooooooooog

p

sage: g(x) = xA2

sage: g # gl x0O x22000

X |--> x*2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

X |--> 2*x

sage: Dg(3)

6

sage: type(g)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

.

gboooOooOoooOoooOoobobgx Db OoobOo0obOOD0LOOobOOOobOOobbOOooo
oooooooooooooooobooooooooooooooooDboOOoooboOooDbDoboOooooOSsS
gbooooooooboo

sage: g(x)

A2

sage: type(g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative()

A&

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3.5age 000 0000O0O0ODOO (calculus function) OO0 0. 0000000000000 O0OOOOOO
ooooooooooooooo

~

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive

sage: type(sin(x))
(ooooooo)
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(ooooooooo)
<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

oboob0dsind0000000000DO00000D00 cosOOOonoan

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:

sin0 0000000 £f=sinx) 0000000000000 O00DOOO0OOCO0O0O0O0D0D0 £
=sin(x) 000000000DO0000O0DO00C0O0O00000000

sage: S(x) = sin(x)
sage: S.derivative()
X |--> cos(x)

obooooooboooocobooboooobobooooa:

4. 0000000000ODODOOOOO

sage: def h(x):

ceeat if x < 2:

sooot return 0
R else:

cooak return x - 2

000 plotth(x), 0, 000000000 O0DOO00DO0O0Dy=2—-200000000000000
000 hOOODODODOOOOODOO0O0O0OD0O0D0O0 plotthx), 0, H00D00000ODO0OO hxOO
gboobooobdx0O00hxUO0O0O00O00 xx200000000000000

sage: type(x<2)
<class 'sage.symbolic.expression.Expression'>

gboooobooboobobobohhobOoboOoobOOoboooboobooobobooooobooobooboon
obooo0oobobobo0 hxOx2000000000000000 x-20000000000

oooooobDoO plotth(x), 0, 40000

sage: plotcCh, 0, 4)
Graphics object consisting of 1 graphics primitive

gobooboooboooboood

s.000000000000000D0A0
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sage: f = x

sage: g = f.derivative()
sage: g

1

0000o0dbg3)0O0bO0oOooOoOoOoobbOgbodg "ValueError: the number of arguments must be less
thanorequalto 0."0 0000000 ODOOOO

sage: type(f)
<class 'sage.symbolic.expression.Expression'>
sage: type(g)
<class 'sage.symbolic.expression.Expression'>

guboobooboobobobobbobooboobooboobooboon
gbooooooooboo

- fO0000000D00O0O0O0DOOOOOOODOOOn

sage: f(x) = x # 'f=x00000
sage: g = f.derivative()

sage: ¢

X |--—>1

sage: g(3)

1

sage: type(g)

<class 'sage.symbolic.expression.Expression'>

000 f00000000¢g0OD000DODOOOO0DOOOODOO

sage: f = x

sage: g(x) = f.derivative() # 'g = f.derivativeQ'0 00000
sage: ¢

X |-—>1

sage: g(3)

1

sage: type(g)

<class 'sage.symbolic.expression.Expression'>

N\

00 f0g0000D00O0O0O0DODOOOOODOOOOD

sage: f = x

sage: g = f.derivative()

sage: ¢

1

sage: g(x=3) #000'93)'00000O
1
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oo0ooo0o00oD £f=x0 fx) =x00000000D00CO000DOOCOOODDOOOODO

sage: f£f(x) = x

sage: g = f.derivative()

sage: g.variables() # gOOUOOOOO?
O

sage: g.arguments() # gUUOUOOOOOOOOOOO?
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables()

O

sage: h.arguments()

O

gboooobdobooob0O @) oboobobobooboboob hobobooboobooboooon

27 00000

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
obooooooboboobooooboboo gnggODOOO0DO0OO0ODOODODOOOODOODODOO
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
obooooboooooboooooon:

«00{.,-1,0,1,2,..},Sage 00 zzO OO DO
-000--000000000000000--Q0000
- 000ROOOO

-0000ccOoOnn

obooooboooobOooboooobobooooobooooobooboooobooboooooobon
000000000000000000000000000000000D0000000 22-20000
0+/20000000000000000000000000000000000O000000000
gbooooboooobooboooobobooooobooooobooboooobOobooooooboon
oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
00000000000 0Db0000D0 ratpolyU realpoly00 000000000 OODOOODOOO
gbobooooooboooooobooboobobob ooo oooobooboobobOon <e>0 .<z>
gbooooooao

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

0002?-200000000000000:

sage: factor(t*2-2)
tA2 - 2
(ooooooo)
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(ooooooooo)
sage: factor(z*2-2)
(z - 1.41421356237310) * (z + 1.41421356237310)

ooooooobooooooboooobobooooobooboobooboooobobobooooDboo
gbooooooooooooooobooooboooobooboooooobooboooobooooooooooo
obooooooobobooboooobooboboonoo

0010 -100bobobooboibIgbooooooboooooboobooooobooooon

sage: i # -10000
I

sage: i in QQ

False

oboooobooiocobooooboooooboooooboobooooboOoboooooboooooboon
oboooooboooobooboooobobooooobooobooboboiboboooooDo:

sage: reset('i')

oboooooobobooooobooboooooobobon i0o -100b0obooocobooboo
oboooboooboob -1oobooobooboobooboob ccGHobbcc.ogbooboooon
000 -100bbo0b0oboboobou0b0obobob0ooobD0ob0o0ob0OooOoDbDOO (coercion OO
gbooooboobooboo obooboooooboboooboo obobo

sage: i = CC(i) # 00000000
sage: i == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1
sage: z.imag(Q) # 00

0.666666666666667
sage: z.real() == a # 0000000000 OOCOO0O
True

sage: a + b

2

sage: 2*b == a
True

sage: parent(2/3)
Rational Field
sage: parent(4/2)
Rational Field

sage: 2/3 + 0.1 # DOOOOOOOOO
0.766666666666667
sage: 0.1 + 2/3 # Sage0 D O0D0OO0OO0OOOODOO

(00o0ooooo)
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(ooooooooon)
0.766666666666667

O00Db SaeeUO00ODOO0OO0O0OO0OO0ODDOOOOODDOOODOOOOODOODODOOOOQOODOO
RationalFieldO OO DOUODOOODOODOO (O (ield) DO ODODDOODOO0OOODOODOODOOOODO
gbooboobooooboobooooboboobooboooon)o

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

bobooooooooobooboboboooooobooboboboob 1.20QQbO0b0ObOn
000 (0000000000000 0D0 0000) 00000 »0+/20000000000:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC

True

0o0o0o0oob0ooboobobboSage0 0000 0p-00D0O0O0DOODOOODODOOODOOOODOO
goboboobooboobooboobooooooo.

p

sage: GF(3)

Finite Field of size 3

sage: GF(27, 'a') # 00000000000 DOOOOO0O
Finite Field in a of size 343

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # QQU U O OO O (I O)

True
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28 0000

SageU DO OOOOOODOODODOOOOOODOODOOOOOOOODOODOOOOOOODOODOO (O
goo)ooooobooboooobooboooog

gobobooobooboooboobooboooDg:

s N

sage: A = Matrix([[1,2,3],[3,2,11,[1,1,111)
sage: w = vector([1,1,-4])

sage: w*A

@, 0, 0

sage: A*w

(-9, 1, -2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

Sage 000D ADOOODOODODOOODOOO00wA=0000000000wODOOOO0OODO

0000000000 solve_right 00O OO0OOO0OO0O0O0O0O0ODOODOA.solve_right(Y) ODOOOO
00 AX=Y[0O0OOUOOO@uooooog)yxXxoooooo

sage: Y = vector([0, -4, -1]1)
sage: X = A.solve_right(Y)
sage: X

(-2, 1, ®

sage: A * X #0OOOOODO...
@, -4, -1

oboob00o000Sage000OnOoooOOO:

sage: A.solve_right(w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

O00000 XA=Y[UOUOOUOO XOOOOOO A.solve_left(y)YOOOOOODO

SageUOOOO0ODOOO0OOODOODOOOOODOO:

sage: A = matrix([[0, 4], [-1, 01D
sage: A.eigenvalues ()

[-2*I, 2*I]

sage: B = matrix([[1, 31, [3, 111D
sage: B.eigenvectors_left()

[4, [

1, D

(0o0oooooo)
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(ooooooooo)

]1 1)1 (_21 [
(]—1 _1)
1, D]

(eigenvectors_left D0 ODODOOOOODODO (OO00,000000,000)00000000000O)

QOO0 RROOODOODOOODODOD MaximeOOODOOOOOOOOOOO (000 Maxima OO
00)o

bbb boooobooobooooobooobooooboooboooobooboooobooboooan
00000O0bob000b0000OmatrixO00O000000O0O000O0O00DOSage000O0O0O0O0OOOO
obbo(zzooo)ooooooooobh quoooboboooobo RpUOOOODOOODOO

sage: AZ

matrix(zz, [[2,0], [0,111)
sage: AQ = matrix(QQ, [[2,0], [0,1]]1)
sage: AR = matrix(RR, [[2,0], [0,1]1)
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

oo0o0O0oOo0oO0oOO0o00OO00bOO00bOO0o0bOO0ODOO0bOo0o0oOo0oDOO0o0bOOo0obOOoooOoooOoooa
OO00000O00D00O0O RDF (Real Double Field) O O [ CDF (Complex Double Field) D O 00O OO OO0
0000000000000 DO00bO0o0bO0oD0000oo00oo0ooOo0oDbOOo0oDobOOooDoOooooooa
0000000000000 RODOOO CCOODOODODOOODOOODODOODODOOODOODOOO
ooooooooooooon

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 3]1D)

sage: ARDF.eigenvalues() # abs tol le-10

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 31D

sage: ACDF.eigenvectors_right() # abs tol le-10

[(0.881845698329 - 0.820914065343*I, [(0.750560818381, -0.616145932705 + 0.
—238794153033*1)], 1),

(3.31815430167 + 0.820914065343*I, [(0.145594698293 + 0.37566908585*I, 0.
—915245825866)]1, 1)1
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281 000O0ODO

00000000000 3x300000 Matz«3(Q)DO0OODOODOO:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

@BU040000000000000DO MatrixSpace(QQ,3,4) 0000000 0ODO0ODLOOODOODOOOO
00000000000 MatrixSpace(QQ,3) O MatrixSpace(QQ,3,3) 0000000000 OOOA
O000O0O0oOoO0ooono:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]

MbOgooooooboaobodaboadaodad

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

gbooooboooooboooobooo

sage: A.echelon_form()

[1 0 -1]

[0 1 2]

[0 0 0]

sage: A.kernel()

Vector space of degree 3 and dimension 1 over Rational Field
Basis matrix:

[ 1 -2 1]

gobgboooboaoboobooboobobboaobooan

sage: M = MatrixSpace(GF(2),4,8)

sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
noook 9,0,1,6, 1,1,0,1, 0,0,1,1, 1,1,1,0])
sage: A

[110061111]
0100101 1]
(00101160 1]
(Cooooooo)
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(ooooooooo)

[00111110]
sage: rows = A.rows()
sage: A.columns()

[(1, ®, ®, ®, (1, 1, 0, ®, (0, 0, 1, 1), (6, 6, 0, 1),

(1, 1, 1, 1, (1, 6, 1, D, (1, 1, 0, 1), (1, 1, 1, O]
sage: rows

[(1, 1, 0, ®, 1, 1, 1, 1), (0, 1, 6, 0, 1, 0, 1, 1),

0, 6, 1,0, 1, 1, 0, 1), (6, 06, 1, 1, 1, 1, 1, 0]

obooooobooog ows)yDOOOODOOO FoOOOOOOOOODOO

sage: V = VectorSpace(GF(2),8)
sage: S = V.subspace(rows)
sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[1000 0106 0]
[01001011]

[00 10110 1]
[0001060011]
sage: A.echelon_form()
[10000 10 0]
[01001011]

[00 10110 1]
[00010011]

Sage SOOODOOOO SOOOODOOOOO0OOOOOOOOOOOOODOOOOD

282 0 000O0OOOO

Sage 0O PID(OOOODOOO)OODOOOOODOOOODOOOODOOOODO

sage: M

MatrixSpace(QQ, 100, sparse=True)
sage: A = M.random_element(density = 0.05)
sage: E = A.echelon_form()

Saee 00000 DO0DO0OCOOO0OODOOOODONDNOOOOOONONDOOOOD (0000000000
oooo):

s N

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element(density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace(GF(2), 20, 40, sparse=True)
sage: A = M.random_element()

sage: E = A.echelon_form()
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Python 0O OOO00D0OOO0O0DOOOODOOO:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__() got an unexpected keyword argument 'Sparse'’

29 00O

ob0000Sage0 000000000 0ODOOOOODOODOOOOODO

291 100000

gboooobooooboooooobooog

sage: R = PolynomialRing(QQ, 't')
sage: R

Univariate Polynomial Ring in t over Rational Field

gboboobooobooboobooooooooobobobobobo@ubo)tboboboboboooboan
000 Sage 000000000 t0000000D00D0000O0DOO(#¥+1000000)RO0OO0O0O
oboooboobooooobobooooobooog

gboooobooooo

sage: S = QQ['t"]
sage: S ==
True

gboobOo0otoobobooooboboooooboon

obooooobooooood

tsage: R.<t> = PolynomialRing(QQ) J
godd

{sage: R.<t> =QQ['t'] }
oooooo

[sage: R.<t> QQ[] J

goooobooooo

gboooobooboobooooobob toobobooooboobooobooboooobooobooboon
ORrROODOOOODOOOOOOOO@OOODOOOMagmaOOOOOOOOO0OOOOOOODOODOOO
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O0000O0OMagma00O0O0000Saee 0000000000000 000000000000O00
ooo)

sage: poly = (t+1) * (t+2); poly
tA2 + 3%t + 2

sage: poly in R

True

gbooobooboooobooboooobobooobO0obboOobOobOoboboobOoboOooog:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0

sage: t in R

True

Sage U0 OOOO0OO0OO0OOOOCOCODOOODOOOOODOOODOOOOOOOOOOODi00000OO
gooooooboooooooboboooboboooooboboboooobooo:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # cCcU eI OODO
1.00000000000000%I

gbooooboooobooboooobobooooobooooobooboooobOobooooooboon
obooooooon:

sage: R, t = QQ['t"'].objgen()
sage: t = QQ['t'].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t'D)

0000 Q¢oOO0oooo0oooon

sage: R, t = QQ['t'].objgen()
sage: f = 2*%tA7 + 3*tA2 - 15/19
sage: £fA2
4%tA14 + 12%tA9 - 60/19%tA7 + 9%tA4 - 90/19%tr2 + 225/361
sage: cyclo = R.cyclotomic_polynomial(7); cyclo
tA6 + tAS + tA4 + tA3 4+ tA2 +t + 1
sage: g = 7 * cyclo * tA5 * (tA5 + 10*t + 2)
sage: ¢
7%tA16 + 7%tAL5 + 7FtAl4 + 7FtAL13 + 77FtA12 + 91FtAll + 91%tA10 + 84*tA9
+ 84%tA8 + 84*tA7 + 84%tA6 + 14%tAS
sage: F = factor(g); F
(7) * tAS5 * (tAS5 + 10%t + 2) * (t26 + tAS + t24 + tA3 + tA2 + t + 1)
sage: F.unitQ)
7
(Cooooooog)
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(O0DD000000o0on)
sage: list(F)
[(t, 5), (tA5 + 10*t + 2, 1), (tA6 + tA5 + t24 + tA3 + t22 + t + 1, 1)]

goboooooboooo @)boobooboboooobobboooboobooo

00000000 R.cyclotomic_polynomial 0000000000000 OODOOODOOOOODOOO
O0OSage0 0000 0ODO0ODOODOODOODOOODODOUOODODOUOUODODUOUDODUOUODODOO
000000000000 R.cyclotomic_polynomial?? 00000000000 OOOOOOOOOO
f = pari.polcyclo(n) 0000000000 ODO0OODODOODOOODOOODOOODO PARIOOOODOO
00000000000 00O000D00 PARIOOOOOOOODOOODO

ooooooDoooboobouobO Sage00oooboH)ooooboooboooOoo

QQ['x"'].0

sage: f = xA3 + 1; g = x*2 - 17
sage: h = f/g; h

(xA3 + 1)/(xr2 - 17)

sage: h.parent()

sage: x

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Qxl]OoOooooOobooooboobooooboboooobooooo:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field
sage: 1/(1-x) + 0(xA10)

1 + X + x*2 + xA3 + X2 + XA5 + XA6 + XA7 + xX*8 + xA9 + 0(x710)

oooooooooooooboo 1ooocooooo0oooooooooooooon

sage: R.<x> PolynomialRing(QQ)

PolynomialRing (QQ)

sage: S.<y>
sage: x ==y
False

sage: R == S
False

sage: R(y)

X

sage: R(y*2 - 17)
XA2N =17

obooooboobooboooobobo xoobooboobobooo1obobooooboOoboooooon
oboooooboooobooboo

sage: R = PolynomialRing(QQ, "x")
sage: T = PolynomialRing(QQ, "x")
sage: R ==T
True
(Cooooooon)
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(ooooooooo)
sage: R is T
True
sage: R.® == T.0
True

Sage 000000 DO0O0OODOO0UOOODOOUOOUOOUOOUOOUOODOOOOOOOOO Fy[[T]]
0000000000 000o0o0oUD F,(M)OOoooooooo

sage: R.<T> = PowerSeriesRing(GF(7)); R

Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*TA2 + TA3 + 0(T*4)

sage: f3

TA3 + 2*TA4 + 2*TA5 + 0(T*6)

sage: 1/f

TA-1 + 4 + T + 0(TA2)

sage: parent(1l/f)

Laurent Series Ring in T over Finite Field of size 7

gboboboobooabouodgbuogouooboboboobobooboobood:

sage: GF(7)[['T']1]
Power Series Ring in T over Finite Field of size 7

292 000000

gobobooboobooboobooboobobboboobooboon

sage: R = PolynomialRing(GF(5),3,"z") # 3 = [0 [
sage: R

Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5

10gbo0booooobooooboboooooboooon:

sage: GF(5)['z0, zl, z2']

Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5

obooooobool1oboooobooobooooobooooooboon:

sage: PolynomialRing(GF(5), 3, 'xyz')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

obooooobooooooobono
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~

sage: z = GF(5)['z0, zl, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[1]+z[2])A2

z0A2 + 2*%z0%z1 + z142 + 2%z0%z2 + 2*z1%z2 + z2°2

gboobooboooboobobooooobooooboooooooboo

sage: R = GF(5)['x,y,z"]

sage: x,y,z = R.gens(Q)

sage: QQ['x"]

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y'].gensQ

x, v

sage: QQ['x"].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

N\

Sage DO 0OOOO0DOOOOOOOOODOOODOO (distributive representation) J Pyhon DO 00O OO0 DO
O0000000000eged00DO0O0D00OO0DOODOOOODDO Singular [SiIODO0O000O0O0D0ODOO
ooo

sage: R, (x, y) = PolynomialRing(RationalField(), 2, 'xy').objgens()
sage: f = (X723 + 2*yA2*x)A2

sage: g = xA2*%yA2

sage: f.gcd(g)

XLV

000 f0¢g00000000OOO (f,g)UODODDOOOOOOO (£, 0ROICOODOODOOOODO
(ideal([f,g]) 0000 ideal(f,gd 00 O0OOOO)HO

sage: I = (£, 9)*R; I

Ideal (X726 + 4*XA4*yA2 + 4%xA2%yAd, xA2%yA2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x26, xA2*%yA2]

sage: x*2 in I

False

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gbobooooooooooooooooobooooboobobobobobo@ooboobobobo
gbooooboobooboboooooboooobooooboobooogon)o

sage: B.parent()
<class 'sage.rings.polynomial.multi_polynomial_sequence.PolynomialSequence_generic'>
sage: B.universe()
Multivariate Polynomial Ring in x, y over Rational Field
(ooooooo)
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(00O0D0Oooooon)
sage: B[1] = x
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

(ooooOobO0obOobOobOO0)obOoOoOO000OD Sigular 000 SageDOOOOOOOOOOOODOO
o000 :0o0obooogobooooboobooooobobooon:

sage: I.primary_decomposition()

[Ideal (x*2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y*2, x46) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()

[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

210 0 00O00DDOODOODOOOOO

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
obbooboobOoboooboobdSage00booobooooooobOoooOooOoOobOoOooan
oboooooooon

oooooooooooooooooooooO0oooo0ooDoooooDoooooooDOooooog
UobOOoO0O0OODboOOgngd Sage thematic tutorial 0 0O O 0O

2.10.1 O

o000 pythonOOO0OODOOD0OO0OODOO0O0ODODODOOO0XOOOOOODO0OO __add__0O
_sub__0 _mul_ _0O00D0O0O0OO0O0OOOOODOOODOODO@OODOOO)DODOOOODOODO
gbooooboooboood

Python (0DODOODOO0OOOOODO)DODOOOOOOOODOOOOOOOOOODOOODOOODO
U0 Python OO ODODOO0OOODOOOOOOOOOOODOOOODOOOOOOPYthonOOOOOOOO
<int>00O0O0OOOO0O <«fleat>00000000000000O0O0OC0O0O0O0O0ODOOOOOOOOOO
obooooboooobOooboooobobooooobooooobooboooobooboooooobon
gobogboaoboaboodan

gboooboooobo@oo)yobooooboobooboobooboobooboboooooooaon
oboooobooooooboooobooboooooobon

gobobooboobooboobobobobboboobooboobon

sage: P.<x,y> = GF(3)[]
sage: Q.<a,b> = GF(4,'z")[]
sage: type(x)==type(a)

True

210. JODO0O0OOOODOOOOOOOO 41



http://doc.sagemath.org/html/en/thematic_tutorials/coercion_and_categories.html

Sage0 0 UJO0OO0O,0000 10.4

oooooooooooo0ooooobooo@EoooooboooooooObOo00)0DD PythonODOOO
obooooboobooooboooon

sage: P.<a> = PolynomialRing(ZZ)

sage: Q.<b> = PolynomialRing(ZZ, sparse=True)

sage: R.<c> = PolynomialRing(ZZ, implementation='NTL")

sage: type(a); type(b); type(c)

<class 'sage.rings.polynomial.polynomial_integer_dense_flint.Polynomial_integer_dense_
—flint'>

<class 'sage.rings.polynomial.polynomial_ring.PolynomialRing_integral_domain_with_
—.category.element_class'>

<class 'sage.rings.polynomial.polynomial_integer_dense_ntl.Polynomial_integer_dense_
—ntl'>

oboooooooobooobooobOOoobooboboobooOoboooboog pythonOOOOOOOOOOO
ooooooobobobD _add__000000OO0O0OO0ODOODOODOODOODOODOODOODOO
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
gbooooooooooooooboboobooboobooobooooboboobooooooooboooon
obo0o PpythonODOOOOODOODOODOODOOOODOODOOODOODOOO

gbooooboobooboboOdO(oeercionn 000000 O0ODOOOOOOOO

obboooooobOooboobboobooobobooobOooboobooOobo0ooboOoon0OOn parentQ
gboooooo:

sage: a.parent(); b.parent(); c.parent()
Univariate Polynomial Ring in a over Integer Ring
Sparse Univariate Polynomial Ring in b over Integer Ring

Univariate Polynomial Ring in ¢ over Integer Ring (using NTL)

2102 00000000 OOO

PythonOOOOOOOOD0OO0O0O0O0O0O0O0O0O0O0O0O0O0O0DOO0O0DOSage0O0O0OoOoOooOooooOoOOd
0b00o0oo0oboooboodbbSage 00000000 DOOODOODOODDOODDO O (parent structure)
gboboobooboboooooobooobooobobooooooboobooooooobooobobooooan
ubooooboooooobooog

sage: isinstance(QQ,Field)
True

sage: isinstance(QQ, Ring)
True

sage: isinstance(ZZ,Field)
False

sage: isinstance(ZZ, Ring)

True

. J
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OOo0O0O0000O0O00000000D0OO0O0O0OODO0O0ODOOOCcategory)y OO ODOODOODOOOOO
O0Sage00O000D0ODOOOO0OO0O0ODOOOOOOOODODOOOOOOOODOOOOOPyYthonOOO
gooooOoOoOooOOoOOOODOODODODODODOOOOOOOOOO0OO0O0O00O0000000O0O0OOOOO
OSage0O0O0OODOOOO:

sage: Rings()
Category of rings
sage: ZZ.category(Q)
Join of Category of Dedekind domains
and Category of euclidean domains
and Category of noetherian rings
and Category of infinite enumerated sets
and Category of metric spaces
sage: ZZ.category().is_subcategory(Rings())
True
sage: ZZ in Rings(Q)
True
sage: ZZ in FieldsQ)
False
sage: QQ in Fields(Q)
True

Sage D0 ODOOO0OOODOOODOODOODOODOOODODOOODOSage000O0O0DOOODOOODOO
gobgoobooobooboobooboobobbobooboobooboboboboboobobooboo
gboooooogoobooo

Sage 0O ODOODOOD0OOO0OOOPython OO ODOOD0OOO0OO0ODOODODOOODODOODODODOODO
gobgboobooboobooboobooboobooboobooboobuoobooboon:

sage: RR['x','y'] is RR['x','y"]
True

2103 0 0O0ODOOO

RingElement U0 0000000000 OOO0O0O0OO0OCODOOOOOOOODOOOOOOOOODOO
Ubo0o00OobO00O000O0b0ob000ob0O0bo0O0d RingElement OO0OO0O00OOOOOOODO:

sage: M = Matrix(ZZ,2,2); M

[0 0]

[0 0]

sage: isinstance(M, RingElement)

False

00000 O00000000D00000000 SageO0O0O0O00D0DOOOOODOOOODDODOOO
oboooooboooon pythonO (DOOOOOODOOO)OOOODOOOOOODOO
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sage: int(1) is int(1) # Python[ int[
True

sage: int(-15) is int(-15)

False

sage: 1 is 1 # Sage0 00O
False

obooboooooboooboobooooooboooboooooooboooobobooboooOon:

sage: a = GF(2)(1)

sage: b = GF(5) (1)
sage: type(a) is type(b)
True

sage: parent(a)
Finite Field of size 2
sage: parent(b)
Finite Field of size 5

gboobouobooooboboooobooboooobooobooboboooooooboo

2104 0O0OO0ODDOO

goboboboobooobooboobobobobbobooboobooboboboboboobobooboo
gbooooboobooboobooooboboooobobooooobon bog (coercion) OO O

U000dbOo cOobOoboOg bOOO (typeconversion) 0 OO0 (typecoercion) U O0O0OOOOOOO
O00Sage 00 OO0 0000 O0OO00OD0OOO0ODOOODOODOODOSage000DOO0OO0OOOOOOO
ooooooboooobDOobchoUubuon Sage0boboooobobobooboobOoOoooDbObO

gbbodooobobooobOoobOoobooboobooooooooooogon SageOOboOooooOoOon
00000000000 thematictutorial OO OO0DOODO

b0 oboooobooboooboobooooooboooobooooooona:

- J00000O000DOOOOOOOOOODOOOOOOOOOODbOOObOOOOOOODbOOOnOOO
obooooobooboioooooboobo 1v»20000000000 1+ 12000000000
goo

gboboooooao

«JRI1I0OD0Ori0000000RODOOOOO0O0DO0riORZOOOOO0OOOO0O00OO0OO
gbooobOobooboobobooobooboooobooboooobobooonog

gbooooooooooon

SageDUOODDOOODOOOODOOOPID PR2OOCOODOOODOOpIlOPIOOOOOOODPIOP2O0ODO
gboooobooobooboobooooboboooooboooboobobooooboboooobooboon
gbbooobooboprPi0bO0O0b0OO0OO0OO0OOO0OO0ODOOODOOOOOODOOOOOOODOOODOOODOOOn
oboooboobooboboobOobobooobobooobOOobOon0n0oO 00 (conversion) DOOO0OOODO:
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sage: a = GF(2)(1)
sage: b = GF(5) (1)
sage: GF(5)(a) ==
True

sage: GF(2)(b) == a
True

ooobooobo@oo)oboboobooboobo bob oo oo ooooooboooooooooo
goooooooooboobobooooobooogoooo

oboooooboob oo ceercion) 0000000 O0OO0O0OO0ODOOOOOOODOOOOODOO
gbooboobooboobOobooooboboboobooboooooboon:

l.PlO00PR2OOOOODOOOOODOO(@MUOOOODOOOO)OODOODOODOODOODOPIO
gbobop20b00000b000CODOO0DOOOOODOPIODOOOOOOODOOOODOODOO

2. 0000000C0O0bOO0bOOo0bOO0O0obOOobOOop30O0bOOOOOOOODOOOOOPIOOP2O
oobooop200 P300000O0OOOOOOCOPIOOPIODOOOODOOODOOODOOOOOOO
OO0oprPi00P200P20O00PIO0O0O0O0O0O0OO0O0OO0OOOO020000000000P1I00O
gboooooboooooon

obboobooGeF) 000D erGH OO0 D0O0O0O0DO0O0ODO0O0ODOO0ODO0O0DO0O0D0OGEF
UGeGFrG)yooobooooboboobooboooonoo

oooooo ---0oobb ---000bobobooboboocoobobooooboooooboooboooooobooooon
goboboboaobooaobooboobooboboboobbooboobooobooboobooban:

sage: Rl.<x,y> = ZZ[]

sage: R2 = ZZ['y', 'x"']

sage: R2.has_coerce_map_from(R1)
True

sage: R2(x)

X

sage: R2(y)

y

gbooooboooobooboooobobooooobooobooobooboooobobooooooboon
obooooobooooobOobooooboboooboobooooobobooooboobooon:

sage: R3 = ZZ['z","'x"']

sage: R3.has_coerce_map_from(R1)
False

sage: R3(x)

z

sage: R3(y)

X

N\ J

oooomoooooooooobbbooooooooobobbbooooooozzi'x','y'100 2Z10'y ',
'x']0000000000 zZz['y','x'100 ZZ['a",'p']00000000O0O0OOO00O0O00O0O0O0

210. JODO0O0OOOODOOOOOOOO 45




Sage0 0 UJO0OO0O,0000 10.4

gbooboobooobooboboooobooboooobooooobooboo

gboboboboaobooaboobuoobobobobbobooaobooboobooboboooboaboa
gboobooooobobobobobobuoboob =00000000b00b0ODbLObOOOOObOObOO
bbodb==0000000000000O000O000O0O00ODO OO0 O0ODOOODOOODOOOOOn
oboboooooooboob zzobO10000000000000O011000000000000O000
gobobobooboooboobuoobobobobboboobooboobuooboboooboaoboa
gobogobooboobooboobooboobooobon:

sage: GF(5)(1) ==1

True

sage: 1 == GF(2)(1)

True

sage: GF(5) (1) == GF(2) (1)
False

sage: GF(5)(1) !'= GF(2)(1)
True

goooon

sage: R3(R1.1) == R3.1

True
sage: R1.1 == R3.1
False
sage: R1.1 != R3.1
True

googboooboboobuoobobooboob (oo uboobobooo@wbobooo
gbooRr)0000000O00O0DOO0O0COO0OCOO0O0O00O00000QODO RROOODOOORROO
QUUbbdobodbtouubuoboobobobobbobbooboobbaoboaboabooad
gobgobooobooboRrRROOOogoOoooOooboobDoon:

sage: RR(1/104200+1/10A100) == RR(1/102100)
True
sage: 1/10/200+1/102100 == 1/102100

False

gbobobobobpPiO0pPp20b0bOO0bOODODODODOODOOOOOODOODOODOODODO P3
oboooorpi0OpP20pP3000000000DO0DOOO0OOOOOOODOOOOOOODOODOODOOO
gbooooooboooooboboooobooboooboboooooboooooboboboooDoo

sage: Pl.<x> = ZZ[]

sage: p = 2*%x+3

sage: q = 1/2

sage: parent(p)

Univariate Polynomial Ring in x over Integer Ring
sage: parent(p+q)

Univariate Polynomial Ring in x over Rational Field
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gbooobooooobozz'x']00000b00000b0000D0O0Sage0000obOooo0 o0 O
ooobooooooooooooboOo@obobob0 'x'Doobbooooobooooboboooooboonog
Ub0obo0oobobb0OdSaged0ooboboboobobobooobooboob0 00 oboboboboo
gboob0OuoboobooboboobognO thematic tutorial DO OO0O00O0O

obooooboooboobOobooooboboooooboooon:

QQf]
QQl]

sage: R.<x>

sage: S.<y>
sage: x+y
Traceback (most recent call last):

TypeError: unsupported operand parent(s) for +: 'Univariate Polynomial Ring in x over.
—Rational Field' and 'Univariate Polynomial Ring in y over Rational Field'

.

J00b00db00OSage0DODOOOODOQL'x"]I['y'IOQQ['y'I['x']OQQ['x','y']0OOO QQ['y",
'x']000000000000000000O000C000040000000000000000000
oooooobOoooOooOOoboOoogobDoboooogoboo

211 000O00DO0DOO

Sage 00 0OUOO0OOOOUOODO@TIOO SU(n,g)OOOODO(OOUUOOODOOOO)IOOOOOOO
o@obooboOo)oboooboooboobboobooobooboooobcapPOIDODODbOObOOODOOO
gboboooood

oboooobooooboobooooboboooooboooooboobooooobooboooooobon
ooo

sage: G = PermutationGroup(['(1,2,3)(4,5"', '(3,4)'D
sage: G
Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()
120
sage: G.is_abelian()
False
sage: G.derived_series() #00O0O0OO0OOO
[Subgroup generated by [(3,4), (1,2,3)(4,5)] of (Permutation Group with generators.
~[(3,4), (1,2,3)4,5D,
Subgroup generated by [...] of (Permutation Group with generators [(3,4), (1,2,3)(4,
~5)11]
sage: G.center()
Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,
=51
sage: G.random_element() # random OO0 O 0O0OOO
(1,5,3)2,4

(o0oooooo)
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sage: print(latex(G))
\langle (3,4), (1,2,3)(4,5) \rangle

(ooooooooo)

Sage O OO (LaTeX OO O)OODOOOOODOOOO:

sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]1D
sage: latex(G.character_table())
\left(\begin{array}{rrrr}

1&1&1&1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & -\zeta_{3} - 1 & 1 \\

3&0&0¢&-1

\end{array}\right)

SageUUOOUOOOOO0OODOODOOOOODOOOODO:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0],[-1,111),MSC[[1,1],[0,111)]

sage: G = MatrixGroup(gens)

sage: G.conjugacy_classes_representatives()

(

[1 0] [06] [04] [60] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
(6 11, [1 5], [5 51, [0 61, [1 2], [5 2], [1 &, [1 4], [1 31, [O 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF(7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7

sage: G.random_element() # random OO0 O00OO0O0O0O
[555 1]

[0 2 6 3]

[50 10]

[4 6 3 4]

sage: G.order()

276595200

{ooobooobooobo)bobooooobooooooDo:

sage: F = AbelianGroup(5, [5,5,7,8,9], names="'abcde')
sage: (a, b, c, d, e) = F.gens(Q

sage: d * b¥**2 * c**3

bA2*cA3*d

sage: F = AbelianGroup(3,[2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2

(o0o0ooooon)
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(ooooooooo)
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup(5)
Multiplicative Abelian group isomorphic to Z x Z x Z X Z X Z
sage: AbelianGroup(5) .order ()
+Infinity

212 00O

Sage 0000000000 DOOOOOOOOUOOOODOOODOOODOO Z/NZODOOODOOOOOODOO
ooo:

p

sage: R = IntegerModRing(97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction()
2/3

sage: b = R(47)
sage: b220052005
50

sage: b.modulus()
97

sage: b.is_square()

True

N\

Sace U0 ODODO0ODOOOODODOODOOODODOOOOODO

sage: gcd(515,2005)

5
sage: factor(2005)
5 * 401

sage: c¢ = factorial(25); c
15511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime(2005)

2011

sage: previous_prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2%28
[1, 2, 4, 7, 14, 28]

56

56
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gboooboooboooooboo

Sage 0 sigma(n, k) OO0O0O nO00 AO0O0ODOOOOO:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

oooooooooooooooo0oooboU ¢-0DOOO0ODOOOODOOO0ODOO:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors(n)
[5, 401]

sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi(n)

1600

sage: prime_to_m_part(n, 5)

401

ugob 3n+10000000000000

p

sage: n = 2005

sage: for i in range(1000):

ceeat n =3 * odd_part(n) + 1
ceeat if odd_part(n) == 1:
P print(i)

noook break

gbooooboooboobobooogon

sage: x = crt(2, 1, 3, 5); x
11

sage: x %3 # xmod 3 =2

2

sage: x %5 # xmod 5 =1

1

sage: [binomial(13,m) for m in range(14)]

(0o0o0ooooo)
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(ooooooooo)
[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]
[, 1, 0, 6, 1, 1, ®, O, 1, 1, 0, O, 1, 1]
sage: [kronecker(m,13) for m in range(1,13)]
r, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, 1]
sage: n = 10000; sum([moebius(m) for m in range(l,n)])
-23
sage: Partitions(4).list()
[r41, €3, 1, [z, 21, 2, 1, 11, [1, 1, 1, 111

2121 p-00

SageU0 p-00000000DOO0OOODOOOODOOLOOODOO p-O0O0ODODOODODOOO
gboooobooobooboboooobooon

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4*%11 + 1142 + 7*1123 + 9*11A5 + 5%1146 + 4*11A7 + 8*1148 + 7%1149
+ 9*11410 + 3*11411 + 10*11412 + 11413 + 5*%11A14 + 6*11A15 + 2*11A16
+ 3%11A17 + 11418 + 7%11A19 + 0(11420)

sage: b = K(3211/1142); b

10*114-2 + 5%114-1 + 4 + 2*11 + 0(11~18)

p-0000000QEIOOOOOOOOOO0OO0O0OO0OOOOOODOOO0O0OO0OOOOOODOOO
0000 GoogleUOODO sage-support D00 ODOOOO0O0DOOOOODOO

NumberField OO DODOOOOODOOOOOOODOOOOODOODOOOO

sage: R.<x> = PolynomialRing(QQ)

sage: K = NumberField(x*3 + x%2 - 2*x + 8, 'a')
sage: K.integral_basis()

[1, 1/2*%a*r2 + 1/2%a, ar2]

sage: K.galois_group()
Galois group 3T2 (S3) with order 6 of xA3 + xA2 - 2*x + 8

sage: K.polynomial quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
XA3 + xA2 - 2*%x + 8

sage: K.units(Q)

(-3*ar2 - 13*a - 13,)

sage: K.discriminant()

-503

(o0o0ooooon)
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(ooooooooo)
sage: K.class_group(Q)
Class group of order 1 of Number Field in a with
defining polynomial xA3 + xA2 - 2%x + 8
sage: K.class_number()
1

.

213 0000000

2131 0000

Sage 00O OODOOOODODOOODODOOOOOODOOODOOODOOOOOQUODODOODODOO
oboboooooooobooooobobo200b0obobooooooooooobDobOobOoboboOoo
gbooooboooboood

sage: x, y = AffineSpace(2, QQ, 'xy').gens(Q

sage: C2 = Curve(x”"2 + yA2 - 1)

sage: C3 = Curve(x”3 + y*3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
XAS5 + XA3*yA2 + xA2%yA3 + yAS5 - XA3 - yA3 - xA2 - yA2 + 1

sage: D.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
XA2 + yA2 - 1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
XA3 + yA3 - 1

gboz2000000b00b00oboooobooboooobobooooboobobooooboon

sage: V = C2.intersection(C3)
sage: V.irreducible_components()
[
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Yy,
x -1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
X,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

X +y + 2,

(0o0oooooo)
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(00o0O0O0o0oooo)
2FyA2 + 4%y + 3

00000000 (L,0000O0 (0,1))00000000D0O0DDO0O0OO0O0UO0O0O0O0ODODOyYOOO
22 +4y+3=000000 200)000000000000

Sage U0 O300000000D00003000000000000O00O0O0OOODOOOOODOO:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)

sage: I = ideal(b”*2-a*c, c*2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b*2 - a*c, c*2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring

in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b*2 + a*c],
[-b*c + a*d, -c*2 + b*d, b*2 - a*c],
[-c*3 + a*d*2, -c*2 + b*d, b*c - a*d, b*2 - a*c],
[-cA2 + b*d, br2 - a*c, b*c - a*d, c*3 - a*d*2],
[-b*c + a*d, -b*2 + a*c, c*2 - b*d],
[-bA3 + ar2*d, -b*2 + a*c, c*2 - b*d, b*c - a*d],
[-b*2 + a*c, c*2 - b*d, b*c - a*d, bA3 - a*r2*d],
[cr2 - b*d, b*c - a*d, bA2 - a*c]]

sage: F.polyhedralfan()

Polyhedral fan in 4 dimensions of dimension 4

213.2 0000

Sage 00000000 PARIDOODOODOODODOODOOODOOOCremonad0 00 0O0OOONO
0000000000000 D000O0O0O0 (@ DOO000OO00o0o0ooooooooOoooOooooH)oad
OO0 0OSecond-descent 1 0000000000 Mordell-Weil OO D00 mwrank 000000 0OO OSEA
0doo00oOooo0ooo0oooDooobOoooooDoooDQUOObOoo0oooooobooooooooDoa
O0O0ODenisSimon 000000000000 O0OOOOOODOOOOOOO

0000000000000 EllipticCurve DO O0D0DO0O0D0O0O0DO0ODO:
* EllipticCurve([a1, as, a3, a4, ag ]): O O 0O 0O
2 _ .3 2
Y~ +arzy + azy = 17 + ax” + asT + ag,

goooboobtb e, 0 e 000oooooboobooboobooboobg e, 0booog
2000000 ;0 QDOODOOODODODO

EllipticCurve([as, ag ]): a1 =a» =a3; =000000000000

EllipticCurve(D O 0 ): Cremona 0 (D0 0)O00000DD0DO00O0O0OOCremonad 00 O000OOOOO
o00O0oOo0oDOOo0o0oOooobono "11a"0O "37p2"000000000O@EDOOoO0C0OoboOoobooo
gooo0)oooobooooobooo
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« EllipticCurve(j): j-000 ;0000000000000
« EllipticCurve(R,[a1, as, as, as, a6 ): 00000000 ¢, 000000 ROOODOOOODOOOOO

gboobooboooobobooobooboon:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,0])
Elliptic Curve defined by y*2 + y = xA3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y*2 = x23 + x + 2 over Rational Field

sage: EllipticCurve('37a'")
Elliptic Curve defined by y*2 + y = xA3 - x over Rational Field

sage: EllipticCurve_from_j(1)
Elliptic Curve defined by yA2 + x*y = x*3 + 36*x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])
Elliptic Curve defined by y*2 + y = x*3 + 4*x over Finite Field of size 5

00,0000 y*>+y=23—20000000000 E0D0O00OOSage000000000000000
E([0,0]) 000000Sage 0000000000000 0000OOOOOODODO0O0(@MOO00000
0000000000000 30000000000000000000000000):

s N

sage: E = EllipticCurve([0,0,1,-1,0])
sage: E

Elliptic Curve defined by y*2 + y = xA3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1:0:1D

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : -18784454671297/4302115807744 : 1)

sage: E.conductor()

37

ooboobobobobob j-bo0buob0bOobobOobobSagedd j-0ObbOObODOOODOODOO
oo:

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y*2 = x23 - 4*x + 2 over Rational Field
sage: E.conductor()

2368
(o0o0ooooon)

54 020 SageOOOOnO




Sage0 0O O0O0OO,0000 10.4

(ooooooooo)
sage: E.j_invariant()
110592/37

FOOO;-00000000000DOO00O0DO0O0DOO0O0 FOOOOODOODOOODOODOODO
0000000 (conductor) DO OO ODOOOOOOOOO

sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

oboo0o rO200000000 awispOOODOOOOODOO

sage: G = F.quadratic_twist(2); G

Elliptic Curve defined by y*2 = xA3 - 4*x + 2 over Rational Field
sage: G.conductor()

2368

sage: G.j_invariant()

110592/37

000000000 L-00000000000000 Y} ,a,¢"000 4, 000000000000
OO0 PARIO C-ODOOOOODOOOODO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist(30)

[e, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

e, 0 n<10°00000000000010000000000:

sage: %time v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

oboooboobobb Ceemonal 0O 0D0O0O0ODOOO0OOOOOODOOODOOOODOODDOOODOO
O00000000000000 (egulator) 00000000000 DODODOOO:

sage: E = EllipticCurve("37b2")
sage: E
Elliptic Curve defined by y*2 + y = xA3 + xA2 - 1873*x - 31833 over Rational
Field
sage: E = EllipticCurve('389a")
sage: E
Elliptic Curve defined by y22 + y = xA3 + xA2 - 2*x over Rational Field
sage: E.rank()
2
(oooDooDo)
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sage: E = EllipticCurve("5077a")
sage: E.rank()
3

(ooooooooo)

Cremona0 00000000 O0O0OCOOODOOOOODOOOC

sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)

{'al': [[0, 0, 1, -1, 0], 1, 1],
sage: db.allcurves(37)

'b1': [[06, 1, 1, -23, -50], O, 31}

{'al': [[0, O, 1, -1, O], 1, 1],

'b1l': [[®, 1, 1, -23, -50], 0, 3],
'b2': [[0, 1, 1, -1873, -31833], 0, 1],
'b3': [[6, 1, 1, -3, 1], O, 3]}

oobooobo0oobo0ooboobo0oooDoooDbooOD Ellipticcurve U0 O OOO0OD0OOODOOO
oooooooooOo0o0o0oooooooOobO0o0o0oooooDOO0O0000o0DD0O0OD Sage O
gbobooboobooono <c1ooooboobooboogboobobbtCeemonal 00000 OOOOOOO
oboboobobobobobobobOobobOobobOobobobob 120000000000000
oooooooogD oost 1000MoboobbSage Do ooooooooDOO 2GBYO

OO0Stein-Watkins 0 000000000000 O0O00DOOOO0DOOOO0O0OOO

2133 0000000

00000000000 ROOODDDOOOOO (Z/NZ)* - R*0O0 ged(N,z) >10000 20000

ooooooo00ob0 Z—-ROOO0DO0O0OO0ODOO

sage: G = DirichletGroup(12)
sage: G.listQ)

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 [--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |--> -1]

sage: G.gens()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[--> -1, 5 |[--> 1,

Dirichlet character modulo 12 of conductor 3 mapping 7 |[--> 1, 5 |--> -1)

sage: len(G)
4

gboooobooboobOoboooobobooooboooboooooboooo

sage: G = DirichletGroup(21)
sage: chi = G.1; chi
Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1,

10 |--> zetab

(0o0o0ooooon)

56 020 SageOOOOnO




Sage0 0O O0O0OO,0000 10.4

(ooooooooo)
sage: chi.values()
[®, 1, zetab - 1, O, -zetab, -zetab + 1, O, 0, 1, O, zetab, -zeta6, 0, -1,
0, 0, zetab - 1, zetab, 0, -zetab + 1, -1]
sage: chi.conductor()

7

sage: chi.modulus()
21

sage: chi.order()

6

sage: chi(19)
-zetab + 1

sage: chi(40)
-zetab + 1

000000000000 Gal(Q(¢w)/Q)UID0000ND0UD00ND0U (modulus) 0000 OOODO
gbooooboooooobooog

s N

sage: chi.galois_orbit()

[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6 + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
Ay 25 2, 4, 1, 3; 2, U1

sage: G.decomposition()
[
Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—.degree 2,
Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—degree 2

]

O0Omod200 00000 Q) OD0OO0000O0O0OUOOOOOOOOOOO:

s N

sage: K.<i> = NumberField(x”2+1)
sage: G = DirichletGroup(20,K)

sage: G
Group of Dirichlet characters modulo 20 with values in Number Field in i with.

—»defining polynomial x42 + 1

ubobgecubooboooboooboobgon:

sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--> 1,

Dirichlet character modulo 20 of conductor 5 mapping 11 [--> 1, 17 |--> i)
(ooooooo)
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(ooooooooo)

sage: G.unit_gens()
(11, 17)

sage: G.zeta(Q)

i

sage: G.zeta_order()
4

boboooboboboboobOoboboboobobOolooooobdbod pirichletGroup 300
oboooooooboooooooon

sage: x = polygen(QQ, 'x')

sage: K = NumberField(x*4 + 1, 'a'); a = K.0
sage: b = K.gen(); a ==b

True

sage: K

Number Field in a with defining polynomial x44 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
by a in Number Field in a with defining polynomial x44 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a*2

sage: [(chi?i)(2) for i in range(4)]

[1, a*2, -1, -ar2]

000 NumberField(x*4 + 1, 'a" ) U0OOOO0O0ODOOSage00O0 ¢« O0O00OO0KOOO (eO0O0ODOOO
0000000 244+ 1)00000000000000000000 «0000000000000 a =
K.0(a =K.genQODODODOOD)OOODODODODO0O0O «00002*+100000000000

2134 0000000

Sage U0 OODOO0ODOODOOOODOODOODOOODOODOODOHeckeOOOODOODOODOOOO
gobgboobooboobooboobobobooboo

gboooobobooooobobooobooboobooboobooooboon

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms(Gamma®(11),2)

1

sage: dimension_cusp_forms(Gamma®(1),12)

1

sage: dimension_cusp_forms(Gammal(389),2)

6112

obooo0o100000 12000000000000000 HeckeOOOOOOODOOOOO
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sage: M = ModularSymbols(1,12)

sage: M.basis()

([X~8*%YA2,(0,0)], [XA9*Y,(0,0)], [X*10,(0,0)]1)
sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
of weight 12 with sign ® over Rational Field
sage: t2.matrix(Q)

[ -24 0 0]

[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); £

XA3 - 2001%xA2 - 97776*x - 1180224

sage: factor(f)

(x - 2049) * (x + 24)A2

sage: M.T(11).charpoly('x"').factor()

(x - 285311670612) * (x - 534612)42

To(N)OI(N)DOOOOOO000000000

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign 0 over Rational Field

oboboogg-0000b0000000

~

sage: M = ModularSymbols(Gammal(11),2)

sage: M.T(2).charpoly('x")

XA11 - 8*xA10 + 20*xA9 + 10%*xA8 - 145%XA7 + 229%XA6 + 58*%xA5 - 360*x/4
+ 70%xA3 - 515*x42 + 1804*x - 1452

sage: M.T(2).charpoly('x').factor()

(x - 3) * (x + 2)22 * (x4 - 7*x73 + 19%xA2 - 23*x + 11)

* (XM - 2%XA3 + 4%xA2 + 2¥x + 11)

sage: S = M.cuspidal_submodule()

sage: S.T(2) .matrix()

[-2 0]

[ 0 -2]

sage: S.g_expansion_basis(10)

[
q - 2*q*2 - g*3 + 2¥q*4 + g*5 + 2¥qA6 - 2*q*7 - 2%q*9 + 0(q*10)

gobobooobooboobooboobobbooboobooboo
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sage: G = DirichletGroup(13)

sage: e = G.0A2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly('x').factor()

(x - zetab - 2) * (x - 2*zetab - 1) * (X + zetab + 1)42

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly('x"').factor()

(x + zetab + 1)42

sage: S.g_expansion_basis(10)

[

q + (-zetab - 1)*g*2 + (2*zetab - 2)*q*3 + zetab*qr4 + (-2*zetab + 1)*gAS
+ (-2*zetab + 4)*q"6 + (2*zetab - 1)*q*8 - zeta6*q*9 + 0(q*10)

ob00o0boooobooobo0b0o0obO0ob0bo0bbO0Db00 HeckeOODOOOOOOSageO OooonQ
gboboooooao

sage: T = ModularForms(Gamma®(11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup Gamma®(1l) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group()

Congruence Subgroup Gamma®(11)

sage: T.dimension()

2

sage: T.cuspidal_subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gamma®(ll) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup Gamma®(11l) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight(Q)

2

sage: M.basis()

(o0o0ooooon)
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(O0DD000000o0on)
(1,0, (1,8, (1,9
sage: M.signQ)
0

T7,0000 Hecke OOO (pOO0O0)OO00OHecke D00 750 750 75 0000000000000O0O
oboooooobooooooo

sage: M.T(2).matrix()
[ 3 0 -1]
[ 0@ -2 0]
[ 0 0 -2]
sage: M.T(3).matrix()
[ 4 0 -1]
[ 0@ -1 0]
[0 0 -1]
sage: M.T(5) .matrix()
[ 6 0 -1]
[0 1 0]
[0 0 1]
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030 0ooood

0000000000000 00000 saged 0000000 SageO00O0O0O0ODODOOOODODOOO
ob0000ooob0boOon sage00d00 IPythonO O OOOOOOO0O0OD0OO0ODOOODOOOOOOOOOO
0000000000000 0000D0O$SAGE_ROOT/ipythonrc DO O OODOOOOODODOOODOOO
ooo0ooob0oob0OobDObOSagedOooooooboooobooboooDog:

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

sage:

Sage U0 DOODO0ODO0OCul-DOODOOD OOD0O quitDO0O0 exit0OOODOODO

sage: quit
Exiting Sage (CPU time Om®.00s, Wall time Om®.89s)

"Wall time"O O CPULDOODOODOOOO0O0O0OO0DO0O0O0OODOO0OOO0OCPULDOOD GAPDO Singular 00O
gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon

(000000 kill -900000 Sage00OO0OO0O00OO0O0O0DOOOO0O0O0O0DODOOki11 -900 Maple
00000Db0b00b0Ob0ObO0ObOO0ODn $sHoME/.sage/tmp DO OO ODOOOODOODOOOOOOOOO
googooog)

3.1 Sage 0 OO0

O000D0 O00DSage 00 0000000000000 0DOOOO0ODODOOO0OODODOOSagedd
Sage OO0 OOOO0OOOOOIPYthon OO0 0000000000 DOM@MOOOOOOOOOODO)OODODOOO
0000 SageDO0OO00OO0ODOOOO0O0OO0O0DODO %history (OO %hist)000000O0DOODOOO
O0000D0o0000o0oOIPythonOD 00000000000 O0OSage0 0000020000000
"[Python offers numbered prompts ... with input and output caching. All input is saved and can be retrieved as
variables (besides the usual arrow key recall). The following GLOBAL variables always exist (so don't overwrite
them)' 000000000 O0OCO0ODOOOOODO:
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uboooboooonbO (booooboooobooboooobooo)
_: 0oooOoboooobO @oobooocooaoo)
_oh : D0O0O0DOODOO0OOOO (OoOoOoOOoOoOooog)

gobgoooood:

sage: factor(100)

_il = 282 ® 502

sage: kronecker_symbol(3,5)
2 = =l

sage: ¥hist # 0000000 ODOO0OOCOOODOODOOOOCOODOOOOOOOOO
1: factor(100)

2: kronecker_symbol(3,5)

3: %hist

sage: _oh

4 = {1: 242 * 5A2, 2: -1}
sage: _il

5 = "factor(ZZ(100))\n'
sage: eval(_il)

6 = 282 ¥ 5A2

sage: %hist

: factor(100)

: kronecker_symbol(3,5)

: %hist

_oh

: _il

:eval(_il)

: %hist

N o v W N e

O0000O0000O0O000Db0O000 Sagedd0bOo0ooobDOOooOooDOOOOoOOOO

gboooobobooobOooboooooboboooboOobooooboobooooobooon

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols(37)
sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols(37)

3: %hist

sage: %macro em 1-2

Macro ‘em’ created. To execute, type its name (without quotes).

sage: E
Elliptic Curve defined by y*2 + x*y + 3%y = xA3 + 2*%xA2 + 4*x + 5 over
Rational Field
sage: E =5
(@ooooooog)
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(ooooooooo)
sage: M = None
sage: em
Executing Macro...
sage: E
Elliptic Curve defined by yA2 + x*y + 3*y = xA3 + 2*xA2 + 4*x + 5 over
Rational Field

gbobooboooobooboooboob 'oob0boodbOo UNIXDbOoooobooboooooaoo
goooog

sage: !ls
auto example.sage glossary.tex t +tmp tut.log tut.tex

gbooooboobooooobobooobooboooooooboon

O0000 PATHOOODOO SageO bin OO DOOO0O0O00O0D0OD0OO0OODO gpO gap singular [
maximaOOOODOOOOOSage0 00000 DO0O0OOODOOOOODOODOOOODOOOODOO

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
i686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: !singular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations /  version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

32000000000

SageODO0ODOO0OOOOO0ODOOOODOOODOOOMmOOOOOOOOOODOOOODOOO)DOOOO
000000oooobOobO0obO logstart OO O0O0O0OO0 @ OOOOOOODOODODOOO)HDOO
O0000 logstart? 00000000 0OOOlogstart 0000000 0ODOOOOODOOOOODOOO
gboooobobo@oooooboooobobooooooboo)bobooobooboooooboobo

was@form:~$§ sage

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

(Doooooon)
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(ooooooooo)

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

Filename : setup

Mode : backup

Output logging : False

Timestamping : False

State 1 active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = QQ*3

sage: x,y = QQ['x,y"].gens()

sage: G = E.gens()

sage:

Exiting Sage (CPU time Om0.61s, Wall time Om50.39s).
was@form:~$ sage

sage: load("setup")

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y22 + x*y = xA3 - xA2 + 4*x + 3 over Rational
Field

sage: x*y

x*y

sage: G

[(2 : 3 : D]

Sage Linux KDEO OOOO konsole DO ODOOOO0OOOOOOOO0OOODOOOOOOODOOOOOO
000000 konsoleId Sage O OO DOODOO "settings" (OO0 O OOD0OOOOODOOO)OOOOOOO
"history"(J O 0O O)O "setunlimited" 000000 OOODOOO0ODOOODOOO0ODOOOOOODOOOOO
00000 "edit"@O0D00)00D0 "savehistory as..."CO 00000000000 O0)OO00OO0O0DOODOOO
gbooooboooobooboooobobooooobooooobooboooobobooooooboon
xemacs 1000000000 OCOOO0OOOOCOOOOOOOOOOOOOOO0
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33 000000000000000DO00O0

Sage 0O DOOO0ODDOO PythonOODOOODOOOOODODOSage00000O00O0DOOOODOOOO
0b00oooobod >>>0Osage: OOO0O0O0O0O0OO0O0DOO0O0DOOOOOOOOOOOOOOOOOOOO
0o0000booO00b0oO0n Sage0 0 000DOO0O0DOOODOODOOODOOODOOOODOOO Sage
O00o00o0ooOonD pythonODOOODOODOO >»>>0sage: JO0OO0OO0OOODOODOOOOODOODOO
go

sage: 2710

1024

sage: sage: sage: 210
1024

sage: >>> 2710

1024

34 000000

gbboobodstime0 000000000 OOOCOODOOODOOOOODOOODOOOOOOOOOOO
obooooboooobooboooobobooooobooooobooboooobooboooooobon
00000000000000000 Sagee000O0000D0ODOO0OO0ODOOOOOODOOOODDOCOPython
oooooooooo:

sage: %time a = int(1938)4int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

Oo0ooooOoooDoeeDOOO "Walltime" OOODOODODDOOOODOOOODOGODODOOO
gboooooooooboooboobooboobooboooboooboooboobn "Walltime"d CPU
obooooobooooooboboog

00000000000 SageDOO00OD0 Integer 000000000000 DOOOOODOOOSageUd
Integer 0O OCythonO OO GMPOOOOOOOOOOOOOOODO:

sage: %time a = 1938499484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

PARIO C-O00000O0O0O0OOO

sage: %time a = pari(1938)+pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMPUOUODOUODOOOOODOODODOD SageJDODOOODO PARIDODOOOO GMPODOOOOODO
gbooooobooooooo)o
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gbboobodbDceputime 00000000000 O0O0COOOODOOODOOOOOOOODOOODOOO

.

oooooa:

sage: t = cputime()

sage: a = int(1938)4int(99484)
sage: b = 1938499484

sage: ¢ = pari(1938)Apari(99484)

sage: cputime(t)
0.64

# random OO0 O0O0O00OO0O0OO0O

-

sage: cputime?

Return the time in CPU second since Sage started, or with optional

argument t, return the time since time t.

INPUT:

t -- (optional) float, time in CPU seconds
OUTPUT:

float -- time in CPU seconds

walltime OO0 0000000000000 0COOD0OO000O000D00 cputime000000O0O00O0O0O

ob0booboo0ob0OdbSageO00OO0OO0OO0OO0OOO0OOOODbOOOOOOOODOOODOOOOODOOODOOO
gboboboboaobooaoboobuoobobobobboboobooboobuooboboooboaoboa
oooooooooooooooooboog (walltime)DOOOOOODODOODOCPUODODOODOOOO
gbooobooboooobooboooobooooboobooooboboooOoboOoon

p

sage: time 1938499484;

CPU times: user 0.01 s, sys: 0.00 s,

Wall time: 0.01

sage: gp(®

0

sage: time g = gp('1938499484")

CPU times: user 0.00 s, sys: 0.00 s,

Wall time: 0.04

sage: maxima(0)

0

sage: time g = maxima('1938499484")

CPU times: user 0.00 s, sys: 0.00 s,

Wall time: 0.30

sage: kash(®)

0

sage: time g = kash('1938499484")

CPU times: user 0.00 s, sys: 0.00 s,

Wall time: 0.04
sage: mathematica(0)
0

total:

total:

total:

total:

sage: time g = mathematica('1938499484")

0.01 s

0.00 s

0.00 s

0.00 s

(o0o0ooooon)
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(ooooooooo)
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple('1938499484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0®)
0
sage: time g = gap.eval('1938499484;;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

00000o0o0oooo0O0000000GAPO MaximaOD OO (DODDODOOOO sage.math.washington.
eduO00MHOOOOODOD pexpect OO OOOODOOOOOOODODODOOOODODOOOOO
00000 Sage00OO0O0O0O0DDOOOODOOOOOODOOODODODOOO

3.5 IPythonO OO 0O

U00000000D0Sage0 000000000000 IPythonOOOOOOOOOOOO IPythonOOO
oobooobboo0oobobo0o0oobooooob0ooboo0o0ooboboooOoOn full IPython documentation
obobooooooooooooobob IpywhonOD0OobOOoOOoOoOoOoOOoOoOoODOoDODODbDOO
gboobooobooooobooogd:

e %edit (%edd ed0 000 OODODODUODOOUODODODOOUOODOODOOUODOODOOOODOUODO Sageld
000000000 EDITOROOOOOODOODOOOODOODOODN (export EDITOR=/usr/bin/emacs
000 export EDITOR=/usr/bin/vimO0 0000 .profile0000000O0OD0DOOOOO)OO
OO0 Sage0 00000 %dit0O0O00O0O0OOO0DOOOOOOOODOOODOODOODOO

def some_function(n):
return n**2 + 3*n + 2

OO0000O0oOoOO0O0000oDOO000o0oDOO0O0000oooObO0d some_functionODO OO0
00000000000 00000D0 Sage00O0O0OD0O0O %edit some_functionO O OOO0O0OOO

- J0000O000OODOOCODOODOOODOO%rep OO OODOOOOODOODOODOOODOO
Ub0o0O000b00000 SageQO0O0OoOoooooOOoO:

sage: f£(x) = cos(x)
sage: f(x).derivative(x)
-sin(x)

00000 SageUODO0OO0O0O0 %repd0000000O00DO SageO0O0OO0OO0OO0O0DO0O -sin(x)d0O
obooooobobooooobooo
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IPython OO0 D00 O0O0O0DOOO00O0O0DDOO0OO %quickref 0000000000 (20110 40)
00 Sage IPython OO O OO0 09.100000000 documentation for its magic commands O 0O O O
obooooobooooboboboooboboooooooobobboooboooIPython ODODOOO
oooooooooboooooooo

36 00000DOO0O

oiobooooooboooboodPythonOOOOO00OOO(exception DO OOOO0O0O0OOO0OOOO
obooooooooboooooobbooboooboooboooboOodn NameError O ValueError OO 0O
obooooo (pythonODOOOOOOOOOOO [PyLR]OOOOOCOOODOODODODH)DOODOOO
googo:

sage: EllipticCurve([0,infinity])
Traceback (most recent call last):

SignError: cannot multiply infinity by zero

oboboobobooboobooooboOoooooooooooobobOOobobOobo %pde0OOOoOoOnO
gooooo/Moooooboo@uoooboo)yoobooooooooboooobbobooo
gbbgipdb>000000000CODOOODOOOOOODOOOOOOOODOOOOODOOODODOOO
gboooobooboooooboooooan

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([l,infinity])

<class ﬂexceptions.TypeError'> Traceback (most recent call last)

ipdb>

oboooooboooooboobOoooobobobogo ipde>00000O0on ?0000DO:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias c cont down ignore n pinfo return unalias
args cl continue enable j next pp s up
b clear d exit jump p q step w

whatis where

Miscellaneous help topics:
(ooooooo)
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http://ipython.org/ipython-doc/dev/interactive/tutorial.html#magic-functions
http://ipython.org/ipython-doc/stable/interactive/reference.html#magic-command-system
https://docs.python.org/library/exceptions.html#NameError
https://docs.python.org/library/exceptions.html#ValueError
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(ooooooooo)

exec pdb

Undocumented commands:

retval rv

Sage U0 OOOOCul-DO quitOOOOOO

3.7 0000000000 O0OOO0O0O

gbod:0oboooboooboooboobo0 aerl-p(@OOOO0OOOOO)0DOODOODOOOOOO
ob0oobOooO0obobooboobOoboboOobooboOobbSaged00onooooooooboOoooOoOn
oobobdcrl-r0doogobooboobobobooooooooobobobobobDooooooo
00000000 readline000000000C00OO00O0000O0 LinnxOdOOOOOOODOODOO
ooo

0000000000000000300000000V=Q30000000:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

gobgoboobooboobooboobon:

sage: V = QQ*3

obobobobooboboviooooooooooooobooboobobgv. 00000000 [tab]
googooooo:

p

sage: V.[tab key]
V._VectorSpace_generic__base_field

V.ambient_space
V.base_field
V.base_ring
V.basis
V.coordinates

V.zero_vector

uboboooooooooboboD [(tab OO0]J000O0DOO0OO0OO0OOOCOOOOODOODOOOODOOO
gbooooooooboo

37. 00OODU0OODOODODOOOOOOO 71



Sage0 0 UJO0OO0O,0000 10.4

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

U00oo000bO0bO00000000O0Ocoordinates 0100000000000 O0O0OOOOOO0O V.
coordinates? U0 000000000000 O0OOOODOO V.coordinates??000000O00OO0OMO
gboobooboooooboo

38 00000 0OOOO

SageUOODOODOODOODOOOOOOOOOOOOOOOOOOOOOOMWCOOOOOOOOOOO0O0
oboooooooboooooooon

sage: V = QQ*3
sage: V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates(self, v)

Docstring:

Write v in terms of the basis for self.

Returns a list c such that if B is the basis for self, then

sum c_i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); MO,M1=M.gens()
sage: W = M.submodule([M® + M1, MO - 2*M1])

sage: W.coordinates(2*MO-M1)
[2’ _1]

gboboobooobooooooobooooobooobooboboooboooobooobooooboooobooon
gobgboboaoboabuoobuogbooobobbobooaoboobouobooboboooboaboa
goboboobooobooboobooboboboo

O00000000Sage000000D0OO0O0ODOOO0OO0DOO00O0£0 PythonOODOOODOODODOO
22000000 f00000000CO0O000OO0OOO0OOOOOOOOO00O0O0
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sage: V = QQ*3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates(self, v):

i

Write $v$ in terms of the basis for self.

i

return self.coordinate_vector(v).list()

0000000 coordinates 000 coordinate_vector 0000000000 OO0O0OO0O0OOOO
0000000000000 coordinate_vector OO0 O00OO0O0OOOO:

sage: V = QQ*3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space() (v)

coordinate_vector 00O OOOOODOOO (ambientspace) IO OO0 O0OOOODOOOODOOO»O0OO
0000000 VOOOOODOOOO00O000000000000000VO Q30000000000
000d00o0oooooooobobbbO000d0dOoOoOdd coordinate_vector IO OO OODOOOOO
goooooooOoooooooooboooooooo:

sage: V = QQ*3; W = V.span_of_basis([V.0, V.1])

sage: W.coordinate_vector??

def coordinate_vector(self, v):

i

i

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows(w)

{ooooboooboooobooobooboooboboobobOOobooOobboobbOUbbOOobooDbooDobo
gooooooon)

help(DOOOO)HYOOOO help(ODOOOHODOODOOOOODOO OO0OD0DOman0OO0OO0OO0ODO0O
goooooooooooboo
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sage: help(VectorSpace)

Help on function VectorSpace in module sage.modules.free_module:

VectorSpace(K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None,..
with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

sage: V = VectorSpace(FractionField(PolynomialRing(ZZ, 'x"')),3)
sage: V
Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring
sage: V.basis()
[
(1, 0, 0,
©, 1, 0,
--More--

g0 0O0D0OO0DO0O0O0DOO0ODOOO0OOO0ODOO0ODOO0ODOO0ODOO0ODOO0ODOO0ODOODOODOODOODOOoOOoOOooDoOooOon
000 function_name? 0 0000000000000 OO0ODO0OO0OOOOOOODOOOOOO helpCd
00000)H)O000O0000000D00DO0D00O00O0O sage.modules.free_module 0000000000
0000000000 DOO000000000DO0DODOO0DOO0O help(sage.modules. free_module) 000
oooo0odooobOoooooooOonoooboooooono /00000000 oooooo?o0d
oooooooooooooooon

39 00000000 O00ooDooo

gbooooboooboobooboooobobooooobooobooboobooooboboooobooboon
obooooboooobooboooobobooooobooooobooboooobooboooooobon
oboooooboooobobooooboboobooboobooooboboooooon

1. 00000000:000000000000000D0000 (GAPOMagma 0 0)0O
2. 00000:00000000C000000000O00O0O00000 (GAPO PARDO
3.000:00000000000D00000DO0OOO0ODOODOO0O0 (Singulard PARDO

Python 0O DO Sage OO0 OO00OD0OO0O0DOOODOODOOO0@OO)OOOOODDOOOODOOOODO
obobooooooooooobooboboboobooobooooboobO0obO0obOobobOo0on0n PARIO
goooobooooooobooooobobooobbooboooooobooobobobooooobooobooboooo
gbobooboooobo@oobooo)oboboobooooboooooboobooboooobooon
gboooooboob pythonODOOOOODOOOOOOODOOOOODOODO
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00000 SageO 00000 x00 0000 save(x, 0O0OO0O0)@OOODOOODOO x.save(DOO
oO)y)ooooooooboooboooobooobooooooboooobooboooobooobooboooooon
0boooodD lead(@OOOOYDODOOODO

sage: A = MatrixSpace(QQ,3) (range(9))42
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

sage: save(A, 'A")

0000000 Sage0 00000000 OODOOOAOODOODOO:

sage: A = load('A")
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
gboooobooooooboooobobooooboboooooboooooboan

sage: E EllipticCurve('lla")
E.anlist(100000) # 0OOOOOOOOO

sage: save(E, 'E')

sage: v

sage: quit

oboo0o0oooobeE0O0OoDOObOOoOoocOonoOong e, 000 100000000000000153KO0O0
oboooooog

~/tmp$ 1ls -1 E.sobj

-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist(100000) #00O0O0O

(Python DO DOOOODDDOOOODO cPickle 0000000000 O00O00DOOSage0 00000 x0O
000 cPickle.dumps(x, 2) 00000000000 O0O0O0OO0OO 20000)

Sage U0 OUODOOOODOODOODGAPO Singulard Maxima OO O OO O0O0OO0OO0O0OOOOOO
ooo0oO0o0ooOOo0o0oooo0oobO0o0ooO0o0o0Db00 'nvalid(CO0OOO0)0DOOOODOOO
gbobooGApOOO0O0DOOODOOOOODOOODOOODOOOOODOOODOOOOOOOOODOOODOOn
obooboobooooobooboooooboboooboobooooobon

sage: a = gap(2)
sage: a.save('a')
sage: load('a')
Traceback (most recent call last):
(ooooooog)
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(ooooooooo)

ValueError: The session in which this object was defined is no longer

running.

GP/PARIOTIDOOO0OO0OOO0OOOCOOODOOOCODOOOOOOODOOOOOOOOOOOODbO0O0OO

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2

obooooooooooobooboboobooooooboboobbooboob0o0D0o0DO Sagedd O
O000o00oDbO00oo0ooooo32000O0SX000000000000 640000 Linux O Sage
gbooooooboobobooooogobooSXuboooooooboboooooooobooboo
00o00o0bOO00O0oO00o0obOob00oonbDOD Saged00O0O00D0OOO0OO0ODOODOOOOODOOOOOO
goooooobooooboobooogobobooooobooboooboboooobobobooooDboo
bobooboooboooboooooooooboobooooooooobooboobo @ooao
gboooO)oboobooooOoboobOobooooboooobo SageOO0DbOOOOOOOODOOO
obooooobooooobooboooobobooooobooooboobobooooboobooboooooon
o000 x._dict__0)DOoDbOooOoxoboooooooooogoooobogobooboobobooobooo
gbooooboobooboboooobooon

391 0 0O0OO0OOODOO

obooobooo AScigoogooooogoooooooogoboooooooooboooooboooboo

gboboobobobobobobooboooobooooooooooooo(@uoboooooooooo
gboooobooooboobo)yoooboboooobobooooboobooboobooboooooobo

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: f = (x+y)Ar7

sage: o = open('file.txt','w")

sage: o.write(str(f))

sage: o.close()

3.10 D0 0O0O0DOOoooooooon

SageU0O00OD0O0ODOOO0OOODOOOODODOOOODODOODOODODOOODO

0000 save_session(U O 0O0O00O)000OO00OO0OO0O0OO0ODOO0OO0OOODOOOOOOOOOOOOOO
obOooboobooooboobooooooboobobo@woooooooboobooboooooobooboon
ooboooooooobooobooooobooooooobboobooboo0)oooD wsobjOOooooooo
gbooooboooboobooboooobobooooobooobooboobooooboboooobooboon
obooooboooobooboooobobooooobooooobooboooobooboooooobon
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gbboooooobooooboobO bo0oboob0o0ob0o0b0000 load_session(UOOOO0O)
obobooobooooooboobooobooboooobooobooboooobooooboooobooobooon
goooooooooboobobooooobooogoooo

00 Sage00O00D0OD0OO0OO0ODODOOODOOOOOO

sage: E = EllipticCurve('l1a')

sage: M = ModularSymbols(37)

sage: a = 389

sage: t = M.T(2003).matrix(); t.charpoly().factor()

4 = (x - 2004) * (x - 12)42 * (x + 54)*2

oboboooboOoobooobOoobooobobobooboooboboOobooOoooO.sebjOoooooboooonO
gboobOos3Koooobooooooaoo

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1s -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

. J

obodnD Sage0O0O0O0O00OO0O0OO0OO0OO0OOODOODODODOOOODOODOOODODODODODODOOOO
goo

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

gbooboobooboobobooooboooobooooooopbObbOoOOobOOOODbDODO

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = xA3 - xA2 - 10*x - 20 over Rational
Field

sage: b

19

sage: a

389
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040 0UOD0O00O0OO0O0OO0OOO0OO

Sagee 00D OOO0OOO0OO0DODOOOOODODOOOODOOODOOOOODOOOOODODOOOO
obooo0og PpythonOO0OO0O0O0OO00OO0OO0O0CODOODOOOCOOODOOOO SageOOOOODOOO
oboooooboooooboobobooobobooboooooboon

Ubo00b0o00O0obO0o0obO00nbdd consoled 0000 interact 00000000 OOO0OOOO
gboooGcApOOOO0OOOO0OO0ODOOOOODOO:

1. gap.console(): DO OO UOOD GAPODOUOODDOODOODODOODOOD cGAPODOOODO
Sage OO 0ODOLinux O bash OO OOO00O0D0OOO0O0O0O00O0DODOOOOOO0O0OODOOOOO

2. gap.interact(): U0 000000Sage0 0000000000 O0O0DOOOO0 GAPOOODOOOO
ooboooboooobooobooboooboobobooboboooGcAPOOODOOOO @WOOOOOOO
oooooO)SageDODODOODOOOODOODOODOODOOO

4.1 GP/PARI

gbobooooooobooboobo PARIDODOODOOOOOOOOOOOOOOODOODOOOObOOO0
0b0O000Sage00O PARIOOODOOOOODOOOO20000000000000000000A0:

e gp--"GoPARI"ODODOODOOO
e pari--PARICOOOOO

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
goooon

sage: gp('znprimroot(10007)"')
Mod (5, 10007)

sage: pari('znprimroot(10007)"')
Mod (5, 10007)

oboooooobobogepOOObOOObOOOOOOODOODOODOOODOOODODOOOOOObOOOn
"znprimroot(10007)' DU DO ODOOGPUOOOOOOOOOOOODOODODODODLOODODO DO
gGpOOO0O0O00O0O0ODOOOOOOODOOOOODOOOO))YODOOOOODOOODOOOOODOOO
obboooooobooobooooboooboobOoOoobOoobo0ooboo0o00n '"znprimroot(10007)!
OPARICODOOODOOOODOOOODOOODOOOOOOD PythonO0DOOO0O0O0O0OO0DOOODOODOO
gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gbooooooooobooogd:
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sage: type(gp('znprimroot(10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007)'))
<class 'cypari2.gen.Gen'>

obooooooooooboobOoooobooooooboobOoobOboOoobOOoDbDOobOGePOOOOODODO
GP/PARIOUOO0OO0OO0OOOOCODOOODOO00O00OO0GP/PARIOOOOOOOOODOOODOOODOOOON
000000 PARIOOOOOOOOOOOODOODOOOOOOOOOOOOOOOOOOOOODbOOOn
obocCcooooboooo)PARIDODOODODOOOODODOOOODOODOODOODOODOOODOO
oo0o0o000ooo0ooooOo0o0oo0o0oooo0oDOo00obOoO00DODO0O0D PARIODOOOODOO
gboobooobooobOooOoPARIDOOOOOOOO GPOOOOOOOODOOODOOODOOOOOO
ooo

(oooooooooooooooooooboepOOOO0O0OOOOOOOOoOoOoOoOooOoOoOoOoOOoOO
boooobooooboobooooboboooooboooobooboooobobooooooboon
obooooooooboobobooooooooboob GpObOObObOOOOOOODOODODOOn
UOOPARICOOOOO ODODODODOODODOOOODOOOOODOODODODODODODODOO
U0 PARIOOODOOOO0OOOOOOCOOOOOODOODOOOOOOOOOOOOOOODOOOOOOO0
gbobooboboilooMBOOODOODOODOOODOOOODOOOOOOOOOOOOOOOOOOO
obooooboooooboobooooboboooboobooooboboooooboooooonon)

O0000DSageD PARICODOOOO0ODDOOO GP/PARIDODOOOO0ODOOOOOODODODOOO
O0000O000oOO0o00DOO000DO python0O00O0OO0OO0DODOOODOOOOODOODOO

O000OPythonOOOODOO PARIODOODOODOOOOODOO

sage: v = pari([1,2,3,4,5])
sage: v

[1, 2, 3, 4, 5]

sage: type(v)

<class 'cypari2.gen.Gen'>

PARIOOOOOO0OO0OO0OO0DO GenOOO0O0D0OO0O0DOO0ODOOODOOOOOOODO PARIDOOOOOOOO
oooooobooooO typeO 00O

sage: v.type(Q)
't_VEC'

PARIOOO0000000000Oe11init([1,2,3,4,51)000000Sage00000000ODOOellinit
U000t VECoOOOOUODOO PARIDOODOODOOOOODOOOOODODOOOODOODOOO

p

sage: e = v.ellinit(Q)

sage: e.type()

"t_VEC'

sage: pari(e)[:13]

[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

goboboboobooboobuooboobobbobooboaobooad
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sage: e.elltors()

(1, [1, [11

sage: e.ellglobalred()

[18351, [1, -1, ®, -1], 1, [11, 1; 941, 1], [[1, 5, ®, 1], [1, 5, O, 1]1]1]
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

[1, -1, 0, 4, 3]

4.2 GAP

Sage U0 GAP44.100 0000000000000 0DOOOOODOOOOOOODOO

000000000 GAPU Idcroup 000 O0DOOO0O0OOOOODDOOOODOOOODOOOODODOO
gbooooboooobooboooobobooooobooooobooboooobOobooooooboon
obooooboooocoboobooogon

sage: G = gap('Group((1,2,3)(4,5), (3,4))")
sage: G

Group( [ (1,2,3)(4,5, (3,4 1)

sage: G.Center()

Group( O )

sage: G.IdGroup()

[ 120, 34 ]

sage: G.Order()

120

Ub0oO00oO0bDO0OGAPOOO=0000000000000000 SageOOOOOOoO:

sage: G = PermutationGroup([[(1,2,3),(4,51,[(3,4)11)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,
~5)1)

sage: G.group_id(Q)

[120, 34]

sage: n = G.order(); n

120

(GAPOOUOODOOOODOOOOD Sage DD OOOODOOODOODOOOODOOOODOOODO
00000 sage -optional 00000000000 DODOOODODOODOOODOOOOODOODOOO
00 gap\_packages-x.y.zOOOOOOOOOOOO sage -i gap\_packages-x.y.zOOOGOGOdGOd3d
00000000o0o0obo0ob0oboOo GPLOODOO GAPOUODODOOGAPOUDIDODO [GAPKkglODOO
0000000 $SAGE_RO0T/1ocal/lib/gap-4.4.10/pkg 000 0000000DO0O0O0OOOOOOONO)
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4.3 Singular

Singular 00000000 O00DOOO0D0DOO geddDODOOODO Rieman-RochOOOO0OOOO00OOOO
obooooboooobOooboooobobooooobooooobooboooobooboooooobon
00000Db000D0 SageO O Singular OO0 00000000 OOODOOOOOOODO (....00000
goo):

sage: Rl = singular.ring(®, '(x,y)', 'dp')
sage: Rl

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// ! names Xy
// block 2 : ordering C

sage: f = singular('9*yA8 - 9%xA2*yA7 - 18*xA3*yA6 - 18*xA5*yr6 +'
ceael 'OFXAG*YAL + 18¥XATFYAS + 36%xA8%yAd + 9*xA10*yAd - 18%xA1l¥yA2 -
ceeas '9FXAL2%yA3 - 18%xA13*yA2 + 9%xA16')

f000000000000000000000000O0OoOoOo

sage: f
9%*xA16-18*%xA13%yA2-9%xA12*%yA3+9%xA10*yA4-18*%xA11*yA2+36*xA8*yr4+18*XA7*yA5-18*%xA5%yA
—6+9*xA6*yA4-18*XA3*FYyAG-9*xA2%yAT7+9%yA8
sage: f.parent()
Singular
sage: F = f.factorize(); F
[1]:
-[11=9
_[2]=xA6-2%xXA3*yA2-xXA2%yA3+yAr4
_[3]=-xA5+yA2
[2]:
1,1,2
sage: F[1][2]
XAG-2*XA3*yA2-xA2%yA3+yAg

GAPUOUODOOO GAPOUOODOOODOOOSKmgular 000000000000 OO0OOO0ODOOODOOOOO
U00000 Sage0DODOOODOOD Singular OO0 0000000000 ODOOOODOOOD)HDOOO
goooo ....00000000¢:

sage: x, y = QQ['x, y'].gensQ)

sage: f = (9%yr8 - 9*xA2%yA7 - 18%xA3*yA6 - 18*xA5%yAr6 + 9*xA6*y*4
ceeat + 18FXATFYAS + 36%xA8FyA4 + 9FxA10*yr4 - 18*FxAL1*yA2 - 9¥xA12%yA3
ceeas — 18%xA13%yA2 + 9%xA16)

sage: factor(f)

(9) * (=xA5 + yA2)A2 * (XA6 - 2%XA3*yA2 - xA2%yA3 + yr4)
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4.4 Maxima

Maxima OOLISPOO0OO0OO0O00D0O0O0QO SageUODOOOD0DO0OOOMaximaODOOODOOOODOOO
O)gnuplot 0O 0O O00OO00Sage 00 0000000000000 C0O0D0O00O0MaximaOOOOOOOOO
0000000 0OMaximaOOOOOOO0D0O0OO0O0DOOOODOOO10000000O0 @DE)YDOOOOO
20 ODEOO0O0OO0O0O0ODO0OO0ODOOOOCOOODENDODOODOOOOOOODOOODOOO Maxima
boboboooooooboooobOUdegnuplot00000O0O0O0OO0O0OO0O0ODOO0ODOO@EOOOOOOO
oboooooboO)ooooboobobooobooooobooboooooboooboobooboOoboooon

Sage/Maxima 000 0000000000000 ODOODOOO0OO4,j000004¢/;00000000

ooooooooooogds,y=1,...,40000

sage: f = maxima.eval('ij_entry[i,j] = i/3")

sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4]1,[2,1,2/3,1/2]1,[3,3/2,1,3/4]1,[4,2,4/3,11)
sage: A.determinant()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/4],[0,0,0,0],[0,0,0,0],[0,0,0,0])

sage: A.eigenvalues()

[[0,4]1,[3,1]]

sage: A.eigenvectors().sage()

ccee, 41, 3, 11, rcr:, o, o, -41, [0, 1, 0, -2], [0, O, 1, -4/311, [I[1, 2,

3, 41111

oboooooooon:

sage: A = maxima("matrix ([1, O, 0], [1, -1, O], [1, 3, -21D")

sage: eigA = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eigA

tre-2,-1,11,11,1,111,CC(0,0,111, [[0,1,31],[[1,1/2,5/6]111]

sage: vl = V(sage_eval (repr(eigA[1][0]1[0]))); lambdal eigA[0][0][0]
sage: v2 = V(sage_eval(repr(eigA[1]1[1]1[0]))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval(repr(eigA[1]1[2][0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace(QQ,3,3)
sage: AA = M([[1,0,0],[1, - 1,0],[1,3, - 21D
sage: bl = vl.base_ring()
sage: AA*vl == bl(lambdal)*vl
True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2(lambda2)*v2
True

sage: b3 = v3.base_ring()
sage: AA*v3 == b3(lambda3)*v3
True

4.4. Maxima
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O00DO0Sage 000 openmath 000000000 ODODOD0O00O00O0O0O0O0O0DOODOODODO
Maxima OO OOOOOOOOOOOOOOOOOOO0O00O0

ooooooooooooooo ...000D00)

sage: maxima.plot2d('[cos(7%x),cos(23*x)*4,sin(13*x)43]"',"'[x,0,1]', # not tested
0o oH '[plot_format,openmath]')

goooooo3sgooooooboboboooooooogoooD (....000Do0):

sage: maxima.plot3d ("2A(-u*r2 + vA2)", "[u, -3, 31", "[v, -2, 2]", # not tested
0o oH '[plot_format, openmath]')

sage: maxima.plot3d("atan(-xA2 + yA3/4)", "[x, -4, 4]", "[y, -4, 4]", # not tested
I "[grid, 50, 50]",'[plot_format, openmath]')

gboooobooooo3ooboooooooboo ....0oboOoon).

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]1",
# not tested
— "[x, -4, 41", "[y, -4, 41", '[plot_format, openmath]')

obooooboooooboobooooobooooo c....00OOOoD):

sage: _ = maxima("expr_1l: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
sage: _ = maxima("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")

sage: _ = maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, -%pi, %pil", # not tested

I "Ly, -%pi, %pil", "['grid, 40, 40]", '[plot_format, openmath]')
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Sage TeXUOOOOOOOODO LaTeXOOODOOOOOOOOOOOOOOOOOODOODOOOOOO
gooooobooobooooooogoooobooobooooooobooobboobbo@Woooobooo
gbooboobooooboboooboobooooog)

51 00

Sage LaTeXOUOODOOOOOOOODOODOODOOOOOOOOOODOOOOOOODOOODOOOOO
obooooboooboobOoboooobooon

.Sage 000000 ODODOD LaTeXOOODODODODODOOOODODOODOSage oo oo

fooll LaTeX OO ODOOOOOOODDOOOOOSage 000000 0O0ODO SageOOODOODDO
latex(foo) DO OOO0OOOOO0O0OODOO00O TeXOOOOOO(OOOOODO sOoO0OOOoOOoO)
ooooooboooobno foo000ODOOOODODODOODOODOOODODODOOODO

OO00000D00 SageD LaTeX O OOODOOODOOODOOOODODOOODOOOODOOO Sage
ob0oO0o0O0b0o0oboOobOo0ooobO0obooob0onooon latexQUOOODOOOOODOO LaTeX
oooooo/mooboooogobon

.00000oooo0o0O0000Oweb0 0000000000 DDDOODOO MathJaxODOODO

Ob0O00b0O0000O0MathJaxO JavaScriptD 0 0000000 O0O0O0O0O0O0OOCODOOOOOOO
gboobuooboobbodTXOoobooooboboobooobobooaooa,oaobooboaod
goooobooboobd TeXooboobooboobooooboooobooobooboooa
bobobobooboooooobooooobobobobobobOobooboooboooooboooo
000000000000 00000000 latexOQOOO MathlaxOODOOOO HTMLOOOO
oboboobobOoboboobobOOMathJaxOOOOO0OO0OOO0OO0OO0ODOOODOOO0OOOOOODOOOOOO
UTeXOOODOOOOobOobobooooboboooobobobooooboboooooboo

.Sage 0000000000 ODOOO0DOO0O0O0O0 MathlaxOOOOOOOODOOO LaTeXOOOODO

gboboobdobobooboboboboobobobof LaTeXOOOOooOoooooaoooano
SageOODOSage 0 ODO0OODO0ODOOODOODOODOODOOOOODOOOODOOOODTeXO
gobooboboooboobobooobooboTeXbooooooobooboooboooboooboaoo
oboooooboooobooboboooboobooooobobooooOoboon

000 latexQOOOOODOOOOOODODOO.

sage: var('z")
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(ooooooooo)
sage: latex(z*12)
zA {12}
sage: latex(integrate(z*4, z))
\frac{1}{5} \, zA{5}
sage: latex('a string')
\text{\texttt{a{ }string}}
sage: latex(QQ)
\Bold{Q}
sage: latex(matrix(QQ, 2, 3, [[2,4,6],[-1,-1,-1]11))
\left (\begin{array}{rrr}
2 & 4 & 6 \\
-1 & -1& -1
\end{array}\right)

000000000 MathlaxOODOOOOOODOOOOO0ODOODOOOO MathJaxOOOODO OO MathJax
Oo00D0O000000D000000D0D00OMathlaxO0O0O0 eval OO0 SageOOD0ODOOOO LaTeX
0000000000 CSSO "math" 00000000 HTMLOODOOOO MathJaxOOOOOO

sage: from sage.misc.html import MathJax

sage: mj = MathJax(Q)

sage: var('z")

Z

sage: mj(z*12)

<html>\[zA{12}\]</html>

sage: mj(QQ)

<html>\ [\newcommand{\Bold} [1] {\mathbf{#1}}\Bold{Q}\I</html>
sage: mj(ZZ[x])
<html>\[\newcommand{\Bold}[1]{\mathbf{#1}}\Bold{Z}[x]\]l</html>
sage: mj(integrate(z*4, z))

<html>\[\frac{1}{5} \, zA{5}\1</html>

52 0000000

O0000000D0OSage LaTeXUODOODOOOOODOODOOOODOOD latexQOOODOODOO
Ub0b00b0 LaTeXOOOODOOODODODODOOOODOOOOOOO0OO00O0 LaTeXOOOOOOOO
LaTeX O OO OOOOODOODOODOODOODOODOODOODOODOODOOD Sage0OOO0ODOODOODODO
ooooooo

00000000000 viewQUOODDOODOOOOSage0 0000000 view(foo) ODODOOOO
fooll LaTeX OO DODODOOOOOOOO0OO LaTeXOODODOODOOOOOOOODODOODOOOOOOOO
Ub TeXtObOODOOOTeXOOOOODOODOODOOOOOOOoOoOoooooooooogD Texaod
oo0b0o0ooooooobobo0oobo0obo0obDooooog (elexgdnoooonooo ooooHo

000000000, view(foo) 00000 MathJax OO OODODODOOO LaTeXODOOOOODOOO
000000000 HTMLO CSSOUO0000000000D000D0000 SageOOOOOO ASCIIO
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gbboooboooboobooobooobboobobooboooobooobooobobon Sagedoooano
U000 MathJax 000000 LaTeXOOOOOOOOOOOOOOOODOOODOOO MathJaxOOOO
obooobo TeXOoooooooobooooobooobooooooobooobooboobooboooboo
ubbodobooobooboobooobooobooooouibo Lelexooooooboooboo ooo
goog

gbogbobod TeXOoobobooobaobooodabobooboobooboboobaobaoooa
oo000boo0b0oob0oooOoooooooD "ypeset'D0O0oDoooooooooooooogooDo
O00000000DMathlax OOOOOO0O0ODOOO0O0O0DOOOO0OOOO0O0O0OODO0O0O00ODOOOO
obooboobooobooboobooooooboobOOobobooooob0ooboOoooOogonng "Typeset”
oboboooooooooboboboboooooogviewQOOOOOOOooOOoODOoDODODODOO
gboboooooao

ob0ooooo TeXOOOOOOOOOOOOOoOoobOobhoo TeXoOooooooooooooo
obooboooboobOoboooooooo0o0o0o00ob00ob0obobo0bOobO0obO <shift-click>000
TnyMCEOOOOOODODOOOOODOODODOOOOOODODODOOOOOOoDOoDOobOOoobobo
wsSIiwyGOUOOOOOO HTMLO CSSOO0O0O0O0O0000000000b000000o0o0o0o0oooa
ooboooobooooboooobooooboooooobooooooboobobooooogooooboooon
o220 ¢ oo MathlaxOOOOOooooooooooooooooooooo
good

53 LaTeXOODOOOOOOOOO

latexQOUOODOOOD LaTeXOOOOOOOOOOOOODODOODODOOOOOOOOOOOOOOOO
00000 SageU 000000000000 latexOOOOOOOOOO0ODOOOODOOODOO latex. (O
ob0o .000)00000 [Tab]ODO0OO0O0O0O0ODOOOODODOOOODOODOOOO

0000 latex.matrix_delimiters 00 0000000000000 O0O0O0O0OO0OOOOCODOOO
oboooobooooboobooooboboooooboooooboobooooboobooooooboon
0o00oo00o0b00obD0b0o00o0b0ob0bD0b0b0b0LaTeXOOOOODODOOOODOODOOD Python
oooooooboooooboboobo1coboobogooobooboobobobooooboooo

sage: A = matrix(ZZ, 2, 2, range(4))
sage: latex(A)
\left (\begin{array}{rr}
0 & 1 \\
2 &3
\end{array}\right)
sage: latex.matrix_delimiters(left="[', right="]")
sage: latex(A)
\left[\begin{array}{rr}
0 & 1 \\
2 &3
\end{array}\right]
sage: latex.matrix_delimiters(left="\\{', right="\\1}")
sage: latex(A)
(@ooooooog)
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(ooooooooo)
\left\{\begin{array}{rr}
0 & 1 \\
2 &3
\end{array}\right\}

latex.vector_delimiters 000000000 OOOOO

oobobooooobooD)oboboooooooDOobOo0ooOoDOD latex.blackboard_bold OO O
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
obooooobo@obobono)oobOuobobooobOobon SageOOOO0OO0OODOO \Bold{}O OO
ooooooooo

sage: latex(QQ)

\Bold{Q}

sage: from sage.misc.html import MathJax

sage: mj=MathJax()

sage: mj(QQ)

<html>\ [\newcommand{\Bold}[1]{\mathbf{#1}}\Bold{Q}\]</html>
sage: latex.blackboard_bold(True)

sage: mj(QQ
<html>\[\newcommand{\Bold}[1]{\mathbb{#1}}\Bold{Q}\]</html>
sage: latex.blackboard_bold(False)

.

gbobobobobobobooobobodTreXooobooboobooboboboboboboobobo
OO0 MathJax OO0 TeXOOODOOOOOOOOOOOOOOODOOOODOOOODODOOOO

sage: latex.extra_macros()

sage: latex.add_macro('"\\newcommand{\\foo}{bar}™)
sage: latex.extra_macros()
"\\newcommand{\\foo}{bar}'

sage: var('x y')

x, )

sage: latex(x+y)

X +Yy

sage: from sage.misc.html import MathJax
sage: mj=MathJax()

sage: mj(x+y)
<html>\[\newcommand{\foo}{bar}x + y\]</html>

odoooooooooooobbiboboOMathlax OO0 Ooooooooooooobbbboboo
oo TeXOOO0OODODODODOOoOoOoOooOooooo0o000 LaTeXOOOODODODODODODODOOOO
latex_extra_preamble OO DO O00OO0OO0O00OOCOOOOOOO0OOOO0ODODOO PythonODOOOODO
goboboooboooboobooboobobo

sage: latex.extra_macros('')
(ooooooo)
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(ooooooooo)
sage: latex.extra_preamble('')
sage: from sage.misc.latex import latex_extra_preamble
sage: print(latex_extra_preamble())
\newcommand{\ZZ} {\Bold{Z}}

\newcommand{\Bold} [1] {\mathbf{#1}}

sage: latex.add_macro('"\\newcommand{\\foo}{bar}™)
sage: print(latex_extra_preamble())
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold}[1]{\mathbf{#1}}
\newcommand{\foo}{bar}

00000 LaTeX OO DO ODDODODOOOODOLaTeXOOOODODOOOOOoOoooooooooooooad
OO0000000Olatex.add_to_preamble 000000000000 OOOOOODOOOOOOOOOO
latex.add_package_to_preamble_if_available OO0 OOOO0OO0OD0OODOOOOODOOODOODOOOOO
00000 oO0oOo0oOOo0obOOo0obOoobOoooOooooog

Uo00ooooobobobodb geomery OO O0OD0OOO0D0OO0OODOOODO TeXOOOOOOOO@OO
oooooo)ooDooOooooOo0oooDoO python00O0OO0OO0OOODOOOODOOOODOOO
goooog

sage: from sage.misc.latex import latex_extra_preamble

sage: latex.extra_macros('')

sage: latex.extra_preamble('')

sage: latex.add_to_preamble('\\usepackage{geometry}")

sage: latex.add_to_preamble('\\geometry{letterpaper,total={8in,10in}}"')
sage: latex.extra_preamble()
"\\usepackage{geometry}\\geometry{letterpaper,total={8in, 10in}}"

sage: print(latex_extra_preamble())
\usepackage{geometry}\geometry{letterpaper,total={8in, 10in}}
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold}[1]{\mathbf{#1}}

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobgobooboooboobooboobobobooboooo

sage: latex.extra_preamble('')

sage: latex.extra_preamble()

sage: latex.add_to_preamble('\\usepackage{foo-bar-unchecked}"')
sage: latex.extra_preamble()

"\\usepackage{foo-bar-unchecked}'

sage: latex.add_package_to_preamble_if available('foo-bar-checked")

sage: latex.extra_preamble()
(ooooooo)
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(O0DD000000o0on)
"\\usepackage{foo-bar-unchecked}'

54 LaTeXO OO OODOODOO

obooobooooobooobo TeXOOoOooboooooooboobobooooooobooooo
0000000000000 MathJax(DO TeXODOO)O TeXOODOO (OO LaTeXOOO)ODO OO
gbooobooboooobooboo

latex.engineQ OO0 OD0DOO0O0OODODOO LaTeXOODOOOODODODOOODODOOOOODODOOO
TeXOOODODO latex,pdflatex 000 xelatex OO OO O ODDO0D0O0OOOOOODOOOOOOOOOO
view(Q Osage0O0OO00O0O0OO0DO0OOODOOOOO0DOO latexOOODOOOODOOOOOviODOO
O00Osage0 0000000 xdviODOOO)viOOOOOODOOOODOODOOOTeXOOODOOO
O pdflatexO0 00000000 saged 00000000 view(QOOODOODOOOPDFOOOODOOO
OSage0 00000000 0ODODOODOOPODFOOOOOOOOO (acrobatdokular, evince 10 )0 000

000000000000 TeXOODODOO Mathlax OOODOOODODOODOODOO0O LaTeXODO OO
0000000 TeXOOOOODOOODODOODODOODODODOODODODOODODODODOOoDOOooooobooooao
000ooboooooooooooooDooodnD LaTeXOOODODDOOOOODODODOOOODODO MathJax
00000 latex(O O OO latex.engineQ OO O000ODO0OODOOOO)ODOOODOODOOOODOOO
0000 latex.add_to_mathjax_avoid_list 00O 0O latex.mathjax_avoid_listO0O0O0O0OOOOO
oooono

sage: # not tested

sage: latex.mathjax_avoid_list([])

sage: latex.mathjax_avoid_list()

[1

sage: latex.mathjax_avoid_list(['foo', 'bar'])
sage: latex.mathjax_avoid_list()

['foo', 'bar']

sage: latex.add_to_mathjax_avoid_list('tikzpicture')
sage: latex.mathjax_avoid_list()

['foo', 'bar', 'tikzpicture']

sage: latex.mathjax_avoid_list([])

sage: latex.mathjax_avoid_list()

(]

obo0o0oooO0viewQUOOOOOOOOO "Typeset' 0000000000 OO0OO LaTeXOOOOO
00000 latex.mathjax_avoid_list DO 00000 0OD0O0O LaTeXOOODOODOOOOODOODOO
OD0000 LaTeX DO OO (latex.engineQ UDOOOO)0O0O0O TXODOODODODODODOODOO
UO0Sagel (DO DOOOOODOOOO)ODOOO0OOOOOOOOOOOOOOODOOOOODOOODOOn
oboooooboobooooo1obobooooobooooooboooooon

000oo0ooooobOooooooboooobOo0ooDooooOo0oooOooooooooTeXoooao
0000000000000 00000DO00000000000DO0000D0000DO0DO00D0Oddvips,
ps2pdf, dvipng 0 O 0 ImageMagick OO UOO0O convert 10 OO O0OO0O0O0O0OOOOOOOOOOOO
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gbobooboooobooobooboooboooooboooobooooooboo pPNGOOOOOODOOO
O00LaTeXOOOO dviOOOO LaTeXOOOOOOOOOOOOOOOOOOdvipngOOOOOOO
U000O0LaTeX O OO LaTeX OO OOODOOOO dviOOO dvipng OO DO OO special OO OOOO
O0000Ddvips0DODDOOOOO000ODOOO0O0000DOO0O0000D00O00O pdflatex000
Ub0o00oooboogPDFOOOOD convert O OOO0OO0O0O0O0O0O PNGOOOOOODOOODOOO
oo000ooo0o000oo0o0000 have_dvipng() O have_convertQ DO OOOO0OOOOOO0O
goooooooo

gboooobooooboobooooboboooooboooboobobooooboboooobooboon
oboooobooboobOoboboooboboooboobobooobobooooon

00000000 LaTeXOOODODOODODOOODODODODOOOO @O OO0 thkz-graph OO OO OO0O
0000)00 LaTeXO tkz-graph 000000000000 O0ODODODOCOOCOOOOOOODDOOOOOO
gobooooobooOoboooooboO0oooOoOo0obO0o0boDoO0obogUoboOooOooooooo
0 sage.misc.latex.LatexExamplesOOOODOOOOOUODOONO sage.misc.latex.latex_examples
000Do000o00o0o0oooooooooooooooooooooooooooDoooooooooog
00000 pstricks O OODOOOOOOOODDOOO xy, tkz-graph, xypic, pstricks 00 00000000
000000000 DO0O0D00O000 latex_examplesOJOOOOODOOOOODOODOODOOODOOO
0000000000000 b0b0Db0b0b0ObU0ODO0D0L0D0oODO(@UDUODbDOn latex
oooooobOooooooboooobD)yoooboOoOoOooDOobOoviewOQUOOOODOOoOOOODODO

sage: from sage.misc.latex import latex_examples
sage: latex_examples.diagram()
LaTeX example for testing display of a commutative diagram produced

by xypic.

To use, try to view this object -- it will not work. Now try
'latex.add_to_preamble("\\usepackage[matrix,arrow,curve,cmtip]{xy}")",
and try viewing again. You should get a picture (a part of the diagram arising

from a filtered chain complex).

N\

550000 tkzegraphOD OO OO0 ODOODO0O

tkz-graph OO0 00000000000 OCOOOO@OOOODOOOOOODOOO)DODOOODOOOO
0ooo0o0oooobdobpef0000D00O tikzOODODOOOOODOODODOOOODOODODOO
gboboobooboboboob TeXOOobOooboobooooooTeXOoooooooboooao
obooooboooooboobooooboboooooboooooboobooooboobooooooboon
U000wexmf 0000000000000 DO0O0O0CO0DO0O0O0O0DO0O0O0O0OO0O0ODO0O000DO TeXO
gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gboooobooboobog 7ex00dboooooboo oboooobobn

00d0oboodOd LaTeXOODOODOOODOODOOOODDODOOOoOoODOOooooObOoooobobooooooa
00000 dviOOODO0OO000000D00D00000000O0latexOOODOODOOO pdflatexO 00
Ub00b00bO0ob0obOobObUObDOSaged 00000000 view(graphs.CompleteGraph(4)) U000
0o0o0o0ooO0oo0oOo0D0O K,O00OOO PDFOOOOODOOODOOONO

ooo0oooDDbbO0O00000o0o0o0D@O0oU0Un LaTeXOOOO MathJaxOO O OO O mathjax
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avoid list OO0 000000 0OOO0O0ODDOOODODO tikzpicture 000 O00D0OO0OOOOOOOOO
tikzpicture 0 mathjax avoid list 0000000 0OO0OO0OOOOOOOOOOO view(graphs.
CompleteGraph(4)) D0 0O OO0 pdflatex 0 PDFOOOODO0O0OODOOODO convert 0O ODOOONO
0000 PNGUOOOOOOODOODOOOOOOOOOOODOOOO0OOODO0O0O0O0O0DO000O0O LaTeX
00000 0O0oOo0o0OO0o0obOOo0bOoobOoooOooooog

sage: from sage.graphs.graph_latex import setup_latex_preamble

sage: setup_latex_preamble()

sage: latex.extra_preamble() # random - 00O 0OOOOOOOOO TexO O[O
"\\usepackage{tikz}\n\\usepackage{tkz-graph}\n\\usepackage{tkz-berge}\n'
sage: latex.engine('pdflatex')

sage: latex.add_to_mathjax_avoid_list('tikzpicture') # not tested

sage: latex.mathjax_avoid_list() # not tested
['tikz', '"tikzpicture']

0000000000 view(graphs.CompleteGraph(4)) D00 D0DO0OO0OOOOOONOOO tkz-graph O
000000000 pdflatex000000000D0O0DOODOOOODOOLaTeXO tkz-graph OO OO0
oo0o0O0oOo0oO0oOO0o00OO00bOO00bOO0o0bOO0ODOO0bOo0o0oOo0oDOO0o0bOOo0obOOoooOoooOoooa
00000000000 "LaTeX Options for Graphs"O 0 OO0 OO0 OO0

56 TeXOODODOODOODOO

TeXO Sage 000000000000 DO0OD0ODOO0ODOO0O0OOO0O0O0OO0O0OO0O0OO0O0O0O0O TeXOOO
00000000LnuxO0000000 TeXliveOOOOOODO TeXOOOOOOOOOOOOOOoooo
0000000oooSXOO TeXshopWindows OO MikTeXO OO OOOOOOO convert U OO OO0
O ImageMagick DO OO0 (00OO0O0O0O0O0OODO0O)O0O0ODODODOOOOdvipng, ps2pdf 0 dvipsO OO0
000000 TeXOOOODDODOOOOOOOOooOoOoOOOO dvipng O http://sourceforge.net/projects/dvipng/
000 ps2pdf O Ghostseript D OO0 O00OO0O00OOOOOOODOOO

00bboboo0o0oU0oopGFOOUOUOUOOUODODDODOODOOUOUOUOOO tkz-graph.sty O https:/www.
ctan.org/pkg/tkz-graph O 000000000 O0DO0ODOO tkz-arith.styOO OO OO tkz-berge.sty [
https://www.ctan.org/pkg/tkz-berge 0 D 0 DD OO0 OOODO.

5.7 D0 0O0OD0O0O

TeXO Sage D00 0OO0OOO0O000O0O0OO0O0COO0DOOO0OCOOOO0DOODO sagetexOOOO TeX O
0000000 LaTeXODOOO Sagee 0000000000 OD0O0DOO0O0O0OO0OO0DODOOOO latexO
U00000obObo0bob00bO0oob0ob0DbDO0LaTeXODOODOOOOODOOOOOSageooQo
LaTeX OO OOOOOOOOOOOOOOOOOOOOO0OOO00O0O00000OOsagetexODOOOOOO
ob0ooooo0oooo0Oob0oobOoOobog SagedOO0O0OO0OO0OOOOoOOOOOOOOOOOOO
goboboboobooobod SegelexUU O DOOOOOOOOO
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http://www.ghostscript.com/
https://www.ctan.org/pkg/tkz-graph
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https://www.ctan.org/pkg/tkz-berge
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6.1 Sage 0O OOdOOOOOO

ooob0o0oboboob0b0o0obbOo0obobUognD Sageb0oobboobboooboobobOoo
example.sage D0 00000000 OODOOOO0O:

print("Hello World")
print(243)

example.sage U0 O 0D 0O000O00D0ODODOO0OO lo,adODOODO ODODOO

sage: load("example.sage")
Hello World
8

O000000000 Sage0DOOO0O0ODDOOOOD attachOOOOODOODO:

sage: attach("example.sage")
Hello World
8

U000 attachOOOOOO example.sage DO OO UOOOOO Sage DUOODOODODOO (returnU
OO0)dSage0 O OO0 example.sage OO OODOOODOODOOOO

attachOO0 0000000000000 O0O0OO0OO0ODODOO0ODOOODOOOOOOoOOOoDOOObDOObOO
bdbobobobobooboboobdib lead0O0O0O0OOobOOobOO0obOODbDODODOODODOOOOO
obooooood

example.sage 00000 Sage 1000 Python DO D ODOOD0DOODOOOO PythonO OO O OOO
000000 PythonOOOODOOOOOCOODOODODOODOOOODOO IntegerQO0O0ODOODOO
00000 RealNumberQ OO DOOODO A0 ** 0000 R.20O0 R.gen() 00000 OO0DOOODOOO
000000000 example.sage 100000 example.sage U0 OO OO OOOMO example.sage.py
0000000000000 00D00D000000 example.sage.py0OOO0O0O0O0O0OO:

print("Hello World")
print (Integer(2)**Integer(3))

oboooooboobooboooooo A0 +»=*=Q0000D000O®Python O A0D00OD0OOODOOMOT *=*
gboooooooooon)

00000000 sage/misc/interpreter.py D00 000000OONO
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gbbodooobobooobooboobooboboooooooooooOooon Sagedoooono
obooo@uoboboobooooboobooboobboobboobooO)bog SagedOooooonO
obooooobooboobob0oooobobobo0b0ob0oooobO attachO0oooooooo

6.2 0000000

oooobooooOoboboobooooboooboobopythonOODOOOODOOODOOODOODOODOO
goboobooobooooooooooboooooboooobooooooooboooboooooooon
ob0b00ooboOo0obDSaged 0 O00000O PythonOOODOOODOOOOOOODOOOOOODOOO
oo0boo0oobobooobobobooobbo0obbooOg0nSaged CythonOOOODOOOODOOOOO Python
Oo0o0000 (Cyt] O [PyrDD Cython OO Python D COOOD0OOO0DOODOOO0ODOOOOOOOOO
O00+=00000 PythonODOOOOOODOOOOO0OODOOPythondO0DODOOOOODDODOOO
obooooobooooboobooooobocoooobooobooooobooobooooboocoobooooooon
obooooooooooogoocython 00D oDooO0O cOooDooboocooooooooooooo
gooooao

Sage DO OOOO0OOOOOOOOOOOODOOODOOODOOODOO (.sageO0O0).spyxOOOO0OO
goooooobooooboobooogoboboooooboobooobobobooobobobooobooDboo
OO0 attach0O0O0O0 load OO0 000000 @OOOOO0O00O00O0O0DODOOOOOOO CythonU
gbooobooobooobooobooooo)yoboobooboobooobooobooboobooooao
obO0obO0obOobOoboboO0o0oOobooboo0oob0OOobOO00O0n0OO $HOME/.sage/temp/hostname/pid/spyx
Obooo0ogboOSage00onooooonOg

Sage O spyx 000000000000 OOOODOOODODOOOspyxO00O0OO0OO 1/30000 1/300
gboob0boOO0OOSage0 00000000000 fooO spyxOOOODOOODOOODOONO sage.all
0000000000 sage.all.fooU00O00ODO0OO0OOODOODODO

import sage.all
def foo(n):
return sage.all.factorial(n)

6.21 D0OO0OOOoOocCcOoOoooo

ub*cOD0OO0ODOO0OO0OO0O0OO0OO0COOOOOODOOOOOOOOObOOOOOoOOobOOOOOoOODbOn
0000 test.cO test.spyxO00OOO0O0OO0OD0OOOOO0OOCODOOOOODOO:

oboo0CcOUObOouooOoDUonDO test.c:

int add_one(int n) {

return n + 1;

CythonO0OODOOOODOODOOO test.spyx:

94 oenoOOoooOO



Sage0 0O O0O0OO,0000 10.4

cdef extern from "test.c":

int add_one(int n)

def test(n):

return add_one(n)

gboooobobocobooboooobooboooon:

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test(10)

11

CythonODODOUO0OODOOODOOOOO CODOODODOODLOOODODbOOOODOOOOOOOOOO fool
000000000 CythonOODODO clib fooO0OODDODODOOO0O0ODDOOOO COOODDDOD bar
000000 CythonODDOOOOOO0OOOO0ODODOO cfile parD0O00O0DOOOOODOOOO

6.3 0000000 Python/SageO O OO0

0b00o00O0bO000O SageOO0OO0OO0OODOOO0OOODOODOOOODOOO:

#!/usr/bin/env sage

import sys

if len(sys.argv) != 2:
print("Usage: %s <n>" % sys.argv[0])
print("Outputs the prime factorization of n.")

sys.exit(1)

print(factor(sage_eval(sys.argv[1])))

00000000000000D sAGE_ROOTO PATHOOOODOODOODOODODODOODOOOOOOOO
factor U0 O0OO0ODOODOOOOOOODOOO:

bash $§ ./factor 2006
2 * 17 * 59

6.3. 1000000 Python/Sage OO OO0 95
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64 0000

Sage 00000000 O0000O0O0OOO0O0OODOO0OODOOOODOOOO0O0OOOOPythonOO00
000000000000000000000000000000 Sage0O000000OPythond00O
0000000 0string@ 00)0lis«d00)00 D00 (twple)diny0 0)Dfload 00D 00)000000
000000000000:

sage: s = "sage"; type(s)

<... 'str'>

sage: s = 'sage'; type(s) #00O00O0OOOOODODOO OO0O0O0DOoODOOOO0O0oO0OoOooO
<... 'str'>

sage: s = [1,2,3,4]; type(s)

<... 'list'>
sage: s = (1,2,3,4); type(s)
<... 'tuple'>

sage: s = int(2006); type(s)

<... 'int'>
sage: s = float(2006); type(s)
<... '"float'>

SageU0OOOOO0ODOOO0OOODOOOOOOODOOOOOODOOO:

sage: V = VectorSpace(QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type(V)

<class 'sage.modules.free_module.FreeModule_ambient_field with_category'>

obOvooooooooobooooboooooobooboooooboooobobooobooboooooon
oooooopboooobOobboOong foo(v,..H)D00DO00OO0OODODOOODOODOODOSageOd v
oo@oOooO)oboOooooOoOO00oDOO0OUOo0O0ObDIJIAVAD C++000000ODODOOODOOODODOOO
00 v.foo(...)O0DOOOOODOOOODOOOODOOOODOOODODOOOODOODOOODOODOO
obooobOobooobooboooooboboboobooooobooobo0obobooboooOooo0oon foolO
goooooobooooboobooogobobooooobooboooboboooobobobooooDboo
gboooobooobooboobooooboboooooboooboobobooooboboooobooboon
0000 @00 zetaODOOODOODOOOODOOOODOOOOOODODODOOOODOSOOODOOO
0000 s=.5; s.zetaQ OOOOOOODOO)O

sage: zeta = -1
sage: s=.5; s.zeta(Q)
-1.46035450880959

oboooobooooooooobooobooboooboooooobooooooboboooboooboooboooon
oooooooboobooboobooboobooboboobooboooboooboobooobooooo
goo

sage: n = 2; n.sqrt(Q)
sqrt(2)
(ooooooo)

96 oenoOOoooOO




Sage0 0O O0O0OO,0000 10.4

(ooooooooo)

sage: sqrt(2)
sqrt(2)
sage: V = VectorSpace(QQ,2)
sage: V.basis()

[

(1, ®,

@, D

1
sage: basis(V)

[

1, o,

@, D

1
sage: M = MatrixSpace(GF(7), 2); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A
[1 2]
[3 4]
sage: A.charpoly('x")
XA2 + 2*x + 5
sage: charpoly(A, 'x")
XA2 + 2*x + 5

AOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOoOoooooooon
0obOobo0ooboobobobocOoA. 000000000 0DO00O0 [tab]l]OD0OO0OO0OO0OODOOOOOO

65 000000000DO0O0OOO

gboooooooobboobooboobooboobo@WoooooobboobbobbooDooOon)c
OC+00000000O0Sage0 00 O000ODODO0OOOOOODDO:

sage: v = [2, 3, 5, 'x", SymmetricGroup(3)]; v

[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type(v)

<... 'list'>

sage: v[0]

2

sage: v[2]

5

000o0o0ooOoo0b0dPythonD intO00O0000O000O0OSaged Integer OO DOOOOOOOOOOOO
O (Rationadl OO0 O0OD00OD0O0O __index__0O000O0OO0O0CODOOOOODOODOOOO)O
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sage: v = [1,2,3]
sage: v[2]

sage: n = 2 # SAGE[I IO
sage: v[n] # 0OOOOO0O

sage: v[int(m)] # 000000

range DO 0 0Python O it OO0 DO0OO00OO00OODOOODO (Saged Integer OO ODOOOOO):

sage: list(range(l, 15))
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

U0 range 000000000 noooooboboobboobooobodnod:

sage: L = [factor(n) for n in range(l, 15)]

sage: L

[1, 2, 3, 242, 5, 2 * 3, 7, 2A3, 342, 2 * 5, 11, 242 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

[1, 3, 5, 7, 342, 11, 13]

gboooobooboobobooooboboooooboo pyri0OO0OO

obooboooobooobooooobooobooooboooooLoooobo0oo00 Lm:n] OO0 mOOO
gobobbon—-10000000000000000DOO0DO0ODO0OO:

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

[5, 2 * 3, 7, 243, 342]

sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 =5, 244, 17, 2 * 342, 19]

obbooobooooooboobooO0oobooboo0o0obO0oobo0o00o00D (immutabley DJOOOO
oooooooooon

sage: v = (1,2,3,4); v
1, 2, 3, 4
sage: type(v)
(ooooooog)
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(Oooooooooo)
<... 'tuple'>
sage: v[1] =5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

.

Sace U0 DO0O0O0O0ODOOODOOOODOODDOOOODOOODOODOOODOODODOOODOOO
OPythonOODOODOODOOODOOOOOOOOOODOOODOOODOODODOODODOODOODODOO
Sequence 100 DOO0ODOO set_immutable 0000000000000 O0O0O0OOOODOOOOOOO
gbooooboooooboobobooobobooobooboooooono

sage: v = Sequence([1,2,3,4/5])

sage: v

[1, 2, 3, 4/5]

sage: type(v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<class 'sage.rings.rational.Rational'>
sage: v.universe()

Rational Field

sage: v.is_immutable()

False

sage: v.set_immutable()

sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

gobooboooboobooboobooboooobooboobooboobooboobon:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

True

sage: list(v)

[1, 2, 3, 4/5]

sage: type(list(v))

<... 'list'>

gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
gbooooboooooo

p

sage: V = QQ*3; B = V.basis(); B
[
(1, 0, 0,
@, 1, 0,
@, 0, 1

(o0o0ooooon)
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(ooooooooo)
]
sage: type(B)
<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0O] = B[1]
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

. J

66 JO0DODOODO

goooooo@ooooooooooooooo)ooogoooooobooooboooOoooDboboodg
ooooooboooooooooooooooooboboo0oo@oooobobobooooooboDbboDbOog
O http://docs.python.org/tut/node7.html O http://docs.python.org/lib/typesmapping.html O 0 O O )

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type(d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]
sage: d['sage'l]

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

obooooboobooooboooobooobooooboooboooob @Wo)oooobooooboooooo
ooooooooooooooo

gboooobdoooobooboooobobooooobooooogob:

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

gboooboobooooboboooobobooobobooooboboooboOoboooboooDa:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

oboooobooooobOobooooobobooobooboooooobon
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6.7 OO

PythonOO OO (sety 0D O DODO0ODOO0O0O0O0O0DODODOOOOOOODDOOOO0OOOOOODOO
gboooooobooboooboobobooboobooobooobooooboboobooooboooooOoboooon

sage: X = set([1,19,'a']); Y = set([1,1,1, 2/3])
sage: X # random sort order

{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])

True

sage: Y

{2/3, 1}

sage:
True
sage: 'a' in Y

False

sage: X.intersection(Y)

{1}

O000Saged (Python 0 OO O00OOO0O0DOOODOOO0ODOOOOOODDO)ODDOOOOOODDOO
U00000D0 Sagee00O000DOO0O0O0ODOOOO0OOODOOOO0O SageQODOOOOOOODOOO
o0 set(... 00000000

sage: X = Set([1,19,'a']); Y = Set([1,1,1, 2/3]1)
sage: X # random sort order
{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3}

sage: X.intersection(Y)

{1}

sage: print(latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set(ZZ)

Set of elements of Integer Ring

68 J0O0OOO

00000 (terator) DOOO0D0OO Python DO DO OOODOO0ODOODOOOODDOOOOOODODOO
gboooobooboboobooboobooboobooboooooobooboooo pyTjoOOoOoOOoboo
100000000 0000DOO0OOOOOOOOOODOOOOODOODOO

sage: v = (n*2 for n in range(10000000))

sage: next(v)
(ooooooo)
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(ooooooooo)
0
sage: next(v)
1
sage: next(v)
4

.

obooobodpbi04p+1000000000O00O0O0D0ODOOODOODOLOOODOODOOOOODO

sage: w = (4*p + 1 for p in Primes() if is_prime(4*p+1))

sage: w # O0OO0O 0xb0853d6c OO OOOOOOOO 1600
<generator object <genexpr> at ...>

sage: next(w)

13

sage: next(w)

29

sage: next(w)

53

oboooobooooobooboooobobooooooboon:

sage: [x for x in GF(7)]

[6, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: next(W)

@, ®

sage: next(W)

@,

sage: next(W)

@, -

69 0 0D00ODOODOODODOOO

for 0000000DOOO000ODOOOO0OO0O00DOODOO0O00ODOOOO0PythonO0O0O for0don
oboooooooooboobooooboobooon:

>>> for i in range(5):
print(i)

B W N =R 2
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for 0000 : OO0DO00O0OO00O0DOOO0OD0 print(H) 000DO0O0OODOOOODOO
(GAPO Maple O OO0 "do"O "od"O0O0)dPython OO OOOOOOOOOOOO0OOOOO0OOOO
U00000D0O0000SagedD : D000 enter0 00000000 ODOODOOOOODOODOO

sage: for i in range(5):
P print(i) # 0000 [Enter]0 2000

ubo00=0000000=00000:

sage: for i in range(15):
ceeat if gcd(i,15) == 1:
P print(i)

if0 for000 whileODOOOODODOOOODOODOOOOODOOOODOODOOOODOO

sage: def legendre(a,p):

5000 ¢ is_sqr_modp=-1

cooot for i in range(p):

ceaat if a % p == i*2 % p:
ceeat is_sqr_modp=1

ceeat return is_sqr_modp

sage: legendre(2,7)
1
sage: legendre(3,7)
-1

0000000000000 Python/Sage 0000000 OO0DODOOOOODOOODDOOODLegendre J
0b00o0boooboooboobOodbDSaged000O000DO0O kronecker IOPARIO COOOODOOO
O00 Legend,e OO DO OOO0OODOODO

obbooboobob=0!'=0<=0>=0>0<000000000000000000000000
oboooooooboooooobooono:
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~

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

oboooooboooooodbeolDODOOODO:

sage: x < x + 1
X<x+1

sage: bool(x < x + 1)
True

Sagce 00O 0OOO0OO00OODOOOOOOOOOOOOOOODOOOOOOODOOOOODODOOOO
O0@O)OOoDoODoOO0O0@OOO0DO(oercion 00000000 ODO0O0ODDODOODOOOOODOO OO
oo)yoooooooooobooooooooooboooooooboooooooboboooooDboobOog
goooooOooooooOooooOoopooOoOoooo0ooooOoooDooDOoooooDOooobooog
oo0obD@uooboOo)oooOoooDoO0oO0obODO0O00 is0000000 PythonDO int0d 10000
O0OSaged Integer 0 10 00:

sage: 1 is 2/2
False

sage: 1 is 1
False

sage: 1 == 2/2
True

0000000000000 0DO0O00 FalseOOOOOODOOOO0DQ—=F;000000 Fs001
0leQO0O000O0DOOOOOOODODOOOOOODOOODODOOOOODODODZ—-FsDOODOO
U0 TrueeJ000O0D00O0DOOO0DOODDOODOOODOODOODOODOODOO

sage: GF(5)(1) == QQ(1); QQ(1) == GF(5) (D)
False

False

sage: GF(5)(1) == ZZ(1); ZZ(1) == GF(5) (1)
True

True

sage: ZZ(1l) == QQ(L)

True

O0:Sage 0000000000 1eF;01€QUIOD0O0OO0OD0Magmal00O0O00O00OOO

sage: magma('GF(5)!1 eq Rationals()!1') # optional - magma [0 [0 00O magma [ O [

true
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6.10 O O0DOO0ODOOO

0 O : Martin Albrecht (malb@informatik.uni-bremen.de)
00000000000 UoOoU0DoOoOo0 --0D0oDOooooo

goooobooooooooboobboobboobooooogobooboboobogooobooobooooo
gbooooboooobooboooobobooooobooooobooboooobobooooooboon
000000oO00o0O0o0obO00bO00obO00bDOPython/Sage0 00000000 OOOOOOOOOOO
goooog

gboboobobooooboobotbobprun0 000000000000 prun00000O000O0O0OOOO
oboooobooboooooboooobooboooobooboooo@oooboooobooboooo)o
oooooooobooooooboono:

sage: k,a = GF(2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element() for in range(10%10)])

sage: %prun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(__mul__)
1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init__)
1900 0.090 0.000 0.220 0.000 finite field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

000 ncalls OO0 O0O0ODODOOOO tottime OO0 OD0O0O0ODOODODOO (DOOOOO0OODOOOOO
O0O00O0O0o0Oo)d percall O tottime 0 ncalls 00O OO0OODOOOOOOOOO cumtime O
J0dddddd0dO00oOoOoDOoOoOooOoODoDDooOoOOODODODODOODO (000000000 oOoooa
000O0O0D0D0O)0000d percall D cumtime 000000 D0ODODOOOO0OOOOOODOOODODOOO
filename:lineno(function) OO0 O OO0 0OO0O0OO0OO0O0OO0O0O0OODOOOOO0OO0prun0O0OO0OOOO
0000000000000 DO00bO0o0bO0oD0o00o0oo00ooooo0oobOOo0oobOOooDoOooooooa
ooo

gboooboboodbdprun? 00000000000 O0O0OOOOO0OOOO0OOOOOOODLDODOOO
gooooao

obooooboooobOobooooboboooooboboboobobooog:
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sage: %prun -r A*A
sage: stats = _
sage: stats?

O0:stats = prun -r A\*AOODOOOOOOOODOOO0DOO0O0D00O0O000 prunO IPythonO DO OO
gbooooboooooobooooboobooon

0000000000000 0o0O0b00000b00OhotshotdOOODOOO hotshot2cachetree OO0
000 kcachegrind OO OO0 (Unix OO O0)O000O0O00O0000O0000O00O0O hotshotDO OO
googooooo:

s N

sage: k,a = GF(2**8, '"a').objgen()

sage: A = Matrix(k,10,10, [k.random_element() for _ in range(10%10)])

sage: import hotshot
sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run("A*A")
<hotshot.Profile instance at 0x414cllec>
sage: prof.close()

oob0OoO0o00o00o0b0o0b000000 pythongrind.prof JODOOOO0OOOOO0ONO cachegrind
gobobooobooboobooboobobobooboobooboobo

gbooooboboooogooo

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

00000000000D0000000 cachegrind.out.4200 000 kcachegrindO OO DOOOOO
O00000D0O0O0O0O0O0D0O000D000O cachegrind.out. XXOOOOOOOOOOODOO
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SageTeXOOOOOODODDOOSageDODD0ODOO0O LaTeXOOOOOOOOODOOOOOOOOOO
0000000000 SageTeXOOOOOOOOOOODODODOOODOODOO (TeXUO SageTex O OO
ooooooo)g

71 000

00000000 0000000 SageTeXODODOODODDOOODODODODODODOOOODODOODODOOOODOOO
O00000D00ODO SAGE_ROOT/venv/share/doc/sagetex 000 0O OO O O SAGE_ROOT/venv/share/texmf/
tex/latex/sagetex 000 Python OO O OO OO0OODOODOOOODOODOOODOODOO SAGE_ROOT OO
Sage 0 UOD0O0O0OO0O0O0ODOOODOODODOOOO

SageTeX O OOODOOOODODOOODDO SageTeXOODOOODOODOOO (TeXO SagelTeXO DO OO OODO
0)OOOOoOOoOoDOOoO0OO0OO0D0 st_example.texOOOOOOOOO0O0OO0O0OO0OOO:

gb: 0000000 "ive'DOOOOOOOOOODOODOOODOODOODOOOODODOODOD
O "static'0D 0000000000

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
$\sage{number_of_partitions(1269)}$ integer partitions of $1269%.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:
\begin{sageblock}
f(x) = exp(x) * sin(2*x)

\end{sageblock}

The second derivative of $£f$ is
(Cooooooo)
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(ooooooooo)

\[
\frac{\mathrm{d}*{2}}{\mathrm{d}x*{2}} \sage{f(x)} =
\sage{diff(f, x, 2)(x)}.

\1]

Here's a plot of $f§ from $-1$ to $1$:

\sageplot{plot(£f, -1, 1)}

\end{document}

00 st_example.texOOOOOO0O0O LaTeXOOOOOOODOO LaTeXOOOOOOOOOOODOOO
oooo:

Package sagetex Warning: Graphics file
sage-plots-for-st_example.tex/plot-0.eps on page 1 does not exist. Plot

command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or
plots. Run Sage on st_example.sagetex.sage, and then run LaTeX on

st_example.tex again.

000000000 0OLaTeXOOOOOOOODODOOOOOO0OO0ODOOOOst_example.sageOOOOOO
UbD00b0o00b0ObD0O st_example.texUOOUODOOOODODO SageD O OO0DOO0ODOO LaTeX
U000O00O00O0OD00D00O st_example.sagel Sage 00O OODO0ODOODOOODOODOOODODODOO
0 st_example.tex OO0 LaTeX OO OO ODOOODOODOOOOODOOODOOODOONO st_example.sout
0000000000 D0D0000000D0OD Sage 00000 LaTeXOOOOOOOODODOO
gooobooooboboo0oobobo0o EpPSOO00000oboooob0boooob0booooboog
OLaTeXOOOOOOOODOSage OO ODOODOOOO0ODO0O LaTeXOOOOOOOOOooooo

000000000000oooooooooooooo0DO0nsageblock000 Sage0 00000000
O0000DDO0O0O Sage0O00O0O0O0O0ODOOOOOODODOQON\sage{foo} 0000OOSagedd latex(foo)
000000000000 LaTeXOODOOOOODOOODODODODODOODODODODOOODOOOOOOOd
000 \sageplot{foo} [1 foo.save('filename.eps') DO OO OOOOOOOOODODODOOOOOO
oooono

obooooooboooooboboooog:
e LaTeX O tex DO OO ODOO
00000 saged O OO0 SageJ OO
e LaTeX O tex OO OOODOOO
U000 LaTeXOOODO Sage D0 D0O0O0000000OSage0 000000000 DOOOOODO

SageTeX OO ODOOOOODOOOOODOOODOSageD LaTeXOOOOOOODOODOOODOO SAGE_ROOT/
venv/share/doc/sagetex D00 SageTeX D OO DO O0OO0O0OOOOOOODOOOOOO
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7.2 TeXO SageTeXO OO OO OO

SageUUDOOOO0OOOOODOOODOOOOODOOODOODOOOOODOOODOOOOOOOODOOO
00000000 SageTeXOOOOOOOOOOOODOO

SageTeX DU ODODOO0ODO Sage UDDOOODDOO0O LaTeXUOODDODDOOOODODOOOODDOOO
SageTeXODOOODOO Sage 000000000000 LaTeXODOOOOOODOOODOODODO TeX
00000 SageTeXOOOOOOOOOOOODOOOO

0000000 TeX O sagetex.styUU OO0 00000O0O0O0O0OOO sagetex.sty [ SAGE_ROOT U
Sage U0 DO0O0O0ODOOODOOOOODOOODOODOOODOODUOSAGE_ROOT/venv/share/texmf/tex/
latex/sagetex/ 00000000 0OOMOTeX O sagetex.styUOOODOOODOOODOOODOOOSageTeX
doodoooobobooooooobobobbooooooooobooooooo

- J000000D0ODODOD0ODO sagetex.styHUDOO0OO LaTeXUOOODODODOOOOOODOODO
gobooboboooboooTeXOOOoOoOoobooooooooooobooooooooooboao
oooood

gboboobooboboboooobooboboboooobobobooooboboboobog
00000000 sagetex.styQUOOODOOO0OO0OODOOO0OOODOOODOOOOODOOOOOO
U000 SageOUODOOOO SageTeXOOODOOOOOOOOOODOOOSageTeXOODOOO Python
Ubbd LaTeXOOOOOOOOOOOOOOOOOoOoobooobooobaoooboaoboo

- 0D0000D0O00O0D TEXINPUTSOODOOOO0D00O0ObashOOODOOODODODOOO

export TEXINPUTS="SAGE_ROOT/venv/share/texmf//:" J

O0D0000000000 SAGE_ROOTO SageO0 OO OOODOOODOOODOOODOODOOO
ooooooooo0o20000000000000000DOO0000000TX0000000
SageTe X O DUODOOOOOOODOOOOOODODODOOOOOOODOOO bashrceOOOOOOO
Ob00oob0oO0ooO0oboobO0ob0o0oOobO0oObkassh0 0000000 O0DOOO0DOODO TEXINPUTSOO
gboboboooooooooobobobobooooboboboboboboboboonog
gbooooobooogn

000000000000000 TeXShopUO KileDOOOO Emacs/AucTeX O OO OOOOOOOO
ooboboboobooooooooboooobobobobobobobDooboDooDoooobooo
Uboo0o000b LaTeXOOOODOOOOOOOOOOO

00000b000 SageOOO0O0O0OO00ODOOOOOOODOOODOOOOOOODOOODOOOOOOO
gbooobOooboobooDb saGge_roOTUOOODOOODOOO0ODOODODODOOD

« TeX O sagetex.sty 000000000 @EOOOO0)O00O0OO0O0OO0OO0OO0OO0OOOOOOO
obobOobobOoboooooobooooobooboobobobOooOTeXoOoOooooooooo
obooo0o0oooob0oboboooboobDobobob0bD texmf 0000000 ODOODODOO
googoboooboobooboboboboobooboobooobo

kpsewhich -var-value=TEXMFHOME

000000000 /home/drake/texmf [l /Users/drake/Library/texmf 00 00O OOOO0O
0000 SAGE_ROOT/venv/share/texmf/ 00 tex/ 00000000000 0O0O0OOO texmf
Ooo0ooooono
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cp -R SAGE_ROOT/venv/share/texmf/tex TEXMFHOME

00000000000 SAGE_ROOTOOODO SageDOODOOODOOODOOODOODOOOOOO
O00000D000 TEXMFHOME 0D 0000 kpsewhichOOOOOOOOOOOOODO

Sage U0 DOUODOOODOODODO SageTeXODOODODODOODOOODOODODODOOODOOOODOOOO
OO0000000 SageTeX O SageD TeXOOOOOOOOOO

- 00000000000 0DOO00D00DOO00D00000D000 sagetex.styOOOOOODO TeX
gbobobobobobobobbobob0ob0ob0obOoDb TEXMFHONMED O DO DODODOODOOO
good

kpsewhich -var-value=TEXMFLOCAL J

O000000O000O0000000 /usr/local/share/texmf OO0 0O 0O0OO0O0OOOOO
00 texOOOOODODO TEXMFLOCALO OO OOOOOODOOOOOOOO TeXOOOODOOOO
00000000000 0000O0000000000000o0o0n0

texhash TEXMFLOCAL

UobOoO0oobOouobOO TEXMFLoCALO DO OOOooOoooooooooobooooooobooo

U00000 SageTeXUODOOOOOOOOOOOOOODOSageOOOOOODO SageTeXOODOOO
ooooo

O0: O00D00O0LaTeXOOOOODOODOO sagetex.styOOOODOOSaged O OO0 SageTeX
U000bo0o0obo0bboobob0bogbOSage0OoooooooboboobooboboobOoOoooD
O sagetex.styUDO OO0 O0OO0D0O0D00O0DOOD0OOODOODO

SageTeX DU DOOOOOOOOOOOOOOO texmf 00000000 OOOOOOOOOO (@O
ooboooboooo)obooobooobobooob0oob0o0oboob0obo0obboOoboboObOSage
0000 SageTeX OO ODOOUOOOOODOOOODODOOOOOODOOOODOOOOOOOoDOOODO

7.21 SageTeXO OO O OO

U000 Sage U0 DOOO0DDOO0ODOOODOODOODOOODOOO SageTeXOOODOOODOO SAGE_ROOT/
venv/share/doc/sagetex/sagetex.pdf OO0 000000 O0O0D0OOD0OO0DOOOOOOODOOODOOOO
U0000O00M0O0O0 LaTeXO SageTeX O OOOOOOOOOOOOOOOOOOOODODO (example. tex
O example.pdf 00D DO OODOOODOOO SageTeX O DO DDODODODOOOOOODOOOO
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7.2.2 SageTeX [ TeXLive

00o00ooooOoobOoo0oDOoobobOOooobO TeXO0OOOOOOooOoODO0O TeXLive 2009 O SageTeX
oooooobooboobOoboooobobooboob0oobooDObOoODSageTexooooooo
O0 Saged LaTeX O DOOODOOOOODDODOOOOSaged SageTeXODODDODODDODOOOOODDOOOO
TeXLive UOOOOOO0OOO0O0O0DOO0OO0OO0OOOOOOOODOOOOOOOOOOO (20130 30)0
00000 LinuxOO0O0OO0O00O00O0D0O0D00D0 TeXLiveOOOOOOOOOOOOOOODO 20090
U000Db0o0bO0bobO0bOoOoDDbOooDg SageleXOooooooooooooooobooooo
good

00000000 000000000 000SageTeXO LaTeXOOOOOOOOOOOOOOODOOO
Sage U0 DOUODOODOODOODOODOODOODOODODODOSageTeX O Sage OO LaTeXO DO OODO
0000000000000 00D0O0O00000SageTeXD LaTeXOOODOD TeXLiveODOODOOOO
gbooooboooboood
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080 oo

8.1 U0 PyhtonO O[O

8.1.1 PythonO O[O

Sage DO OOOO0OOOO0ODOOO Python([Py]DOO)OOOOOOOOOOOOODOOODOOODOOOO
obooooobooboooooboboodpythonOODOOODOOOO:

- 0000000000 00DOO0O0DPYthonO0DO(@MO)H)OOOODOODOODOOOODOOOO
oboooOoboboooboobooooboboboobooboooooboobn

00 00000O00OOUOOOODOUOOOOOOUOOUODOOOOOOOOOOOOOOOULODODOOO
boboboboobooooooboooooboboboboboobOobooboooboooooboooo
oboooooboooooboooooon

ooboodO:python 00000000 DOOO0ODOOOOOOOOOOOOODOOODOODOODOOO
gobooboboooooobooobboooooooboooboooooobooooboobooobooao
good

« PythonOODOOOD ODOO0ODOO0DDO OOSage0 000000000 DOOODOOODODOODODOO
oooooobooooDo0oo200000300000000000000000 @O0 twisted O
gboocooooboobooooooboo)ybobooooobobooooooboooooobooboo
ooo

ooodb0:0000obo0ooboooooobodpythonOD00000oooooOoooOobooOooogono
gbooooobooogn

oobod:python0OOO0D0OOO0O0OOO0OOO0ODOOODOOODOOOOOOOOODOOOOOOOOO
gboboboooooooooboobobobobobobooooboboboboboboboonog
gbooobooooooobo

obobo0.:00000000b0000O00bO0o0ooobOpPythonO0 O O00O0O0OO0OOOOOOOOO
gbobobooooooboobobobobobobooooboboboboboboboona
good

- J0000D0:PythonO000O000O0O0O0DO0O0OO0OOOODOOOOOOOOOOOOOOOOOO
oooooobooogon

O00D0:00000 0000 OO0O00O Magmal MaplelMathematicall Matlab GP/PARIO GAPO
Macaulay 20 Simath D000 O0O0O0Sage 00 0000CO00OO00OCO PythonOODOOOODODO
OOooooo0o0oO0oDpDoooooood pythonO00O0OO00O0DOODOOOODOOOODODOOOO
00000000000 00DOO0O00oooOoon ((PybevidOomd
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812 000000: Sage Python 0000

Python OO OOOOOOOOOOOO0OO0OOO0O0ODOSage0 O PythonOOOOOOOOOOOOOODOOO

«00000D0:**0 A0000000.PythonO0 A0 "xor"JOOOOOOODOOOOODOOOO
O00O0Python OO

-

>>> 248
10
>>> 3A2
1
>>> 3%%2
9

go+~0000000D00O0O0O0DOO0MOOOOO0OOO0O0O0OO0OOOOO0ObOOOOODbOOn
O0000000Sage00O0OPythonO OO OODOOOO0OOOO0OOOO0OOOOOOOOO A0 **0O
oooooooooogon:

sage: 248
256

sage: 342

9

sage: "3A2"
342"

Sage DO OOOODOOO XORODOODO ~A000000ODOOOOOOODO mM=00000000O0:

sage: 3742

1

sage: a = 2
sage: a A= 8
sage: a

10

« J00O0OD:PythonOOOOO 2/3000000000000O000O0OPythond00O mO nO
intdJ000000m/mnD000m0 n000000 int000002/3=0000000000010Python
obooooobOobooooooboob 2/30000000 60.6666... 0000 2//30 6000000
gboobooobooobogooaoo

O0000000000D00Sage0 0000000000000 IntegerQO0OD0OO0OOOOOO
gboocoooboooobooboooobooboooobobooog:

sage: 2/3

2/3

sage: (2/3).parent()
Rational Field

sage: 2//3

0
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s 000:PythonD0O0D0COODOOO 0000000000 OOOO0DOOOODOODOOPython
oboooooooeMpOOOOOOOOOODOOOOOOODOOOOO0 iImtOOO0OOCOOODOOO0
OLooboboboooboooobobo@uoooboboobooooooobOonD)bSagenio
oooooaeMpPC-O000O0DODOOO0ODOOOOODOOOOOLOODOOODOODOO

Sage OO OOOO0ODOOOOOOODOOOOOO)PythonOOOOOOOOOOOOOOODOOOODOO
PythonOODOOOOOOODOOODOODOOODO IPythonOOOOODOOODOODOOOOIPython OO
oooooboooooobooooobooobooooboooooobDooD pythonO OO OOOOOO
Sage DO OO0DO0OO0D0O0OOSage 00000000 DOO0O0OOODOOOODOOODOOOO Python
oboooooobooooooo

(OO0O00000D00000 PythonODOODO0D0ODO0OO0OODOO0O0OODOpythonOOOODOOOO sage
-python 0 00O 0O0O0O0O0OOOOOOOOOOOOOOODO sage -python setup.py install 000
ooog)

82 Sage IO D00IDODOODOOODODOO

Sace UODODOODOOOOOOODOOOODOODODODOODOOOOOOODOODOODOD SageOOODO
goboboobooboobooboobobbooboobooon

0000000000000 0OSage WebOOOOOoOoooooODOOOOOOOOOODDOODODOOOO
OO0 Sage 0000000000000 O0O0OO0O0O0OO0O0O0O0O0O0DOO0DOORO Sage Developer's Guide
O00000D000OGoogle DO OO sage-devel O OO O

83 Sage 0O O OO

Sage 000000000000 0Sage 00 0000000000000 0ODOOOOOO0OOODODOODO
000000000000000 (Version87000000000000000000000O0OO0OO0O
oo

[Sage] Sage Mathematics Software (Version 8.7).
The Sage Development Team, 2019, https://www.sagemath.org.

O000Sage 00000 PARIOGAPO SingularD Maxima O OO0 000000000000 OOOOOO
goobooboooboooboobooboobobboobooboobooboobobooobobooboo
000000000000 00 GoogleDODODO sage-devel 00O DOD0ODOOO0OOO0O0ODOODOOOO
gbO/00000 0000000000

ooboooo0ooooboOo0ooobo0o0ooobobo0o00bDbObO00n GoogleD O OO sage-devel
gbooobooboooobooboo

000 Sage0O0ODOOO0OODO
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