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Sage — 310 GecruiatHOe U CBOOOJHO PacHpOCTPAHSIEMOE MAaTEMATUYECKOE [TPOrpaMMHOE oOecriedeHHe C OTKPBHITBIMU
HCXOAHBIMUA KOJAMU JIJIS1 MCCJIeOBATE/ILCKOM PabOThl M OOYyUCHHUsI B CAMBIX Pa3JIMUHBIX 00JIACTSAX BKJIIOYAs aureopy,
TeOMETPHIO, TEOPHIO YMCell, KpUNTorpaduio, YMCIeHHbIE BRIYMCIeH s U Apyrue. Kak monesns paspadotku Sage, Tak 1
YCJIOBUSI €10 PACHPOCTPAHEHHSI M UCTIOJIb30BAHMSI BHIOPAHBI B COOTBETCTBUU C MPUHIMIIAMEI OTKPBITOM U COBMECTHOM
paboThI: MBI COOMpaeM MAIIIMHY, a He Tepen3odpeTaeM kosieco. OIHOI M3 OCHOBHBIX Liefieil Sage sIBJsieTcst Co3/aHue
JOCTYIHOM, OECTUIaTHOM M OTKPBITOM ajibTepHaTtiBbl Maple, Matematica, Magma u MATLAB.

Hacrosmuii nokymeHT pacmpocrpansercs no quuen3un Creative Commons Attribution-Share Alike 3.0.
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rnasA 1

BeeneHue

JlanHoe yuyeOHOe rnocobue — JIydInil criocod MO3HAKOMHTBCS ¢ Sage 3a HECKOJIBKO 4acoB. Bbl MoskeTe MCHoIb30BaTh
ero B HTML wm PDF ¢opmate, a Takke OTKpHITh MHTEPAKTHBHYIO BEPCHIO IS HETIOCPEICTBEHHOM paboTH B Sage
notebook: HaxxmuTe He lp, motom Tutorial. (MHTepakTHBHAS BEPCUS MOXET OBITh HEIOCTYITHA Ha PYCCKOM SI3BIKE,
HO MOXeT ObITh 0OOJICe MOJTHOM M TOUYHEe COOTBETCTBOBATh TEKYIeH Bepcuu Sage.)

Cy1mecTBeHHas1 yacTh Sage HanycaHa Ha si3bIKe IporpamMMupoBanust Python, onHako ero 3HaHue He TpeOyeTcs AjIs uTe-
HUS gaHHOTO TocoOwust. Ecim Bl moskenaete y3HaTh Oosbine o Python (04eHb 271eraHTHBIN S3HIK!), CYIIECTBYEeT MHOTO
MpeKpacHbIX (M OECIUIATHBIX) CTOYHUKOB. PyKoBOACTBO 1151 HaunHaowmx Python [PyB] nmepeuncisier MHOXeCTBO Ba-
puanToB. [IJ1s1 IepBOro e 3HAKOMCTBA ¢ Sage AaHHOE MOCOOUe SBJISETCS] OTIIMYHOM OTIIPABHOM TOUYKOM. MTak:

sage: 2 + 2

4

sage: factor (-2007)
=il ¥ 372 *© 223

sage: A = matrix (4,4, range(l6)); A

[0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor (A.charpoly())
x"2 * (x*2 - 30*x — 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5
over Rational Field

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
sage: E.anlist (10)
[OI 1/ ll Or _ll _31 OI _11 _31 _3/ _3]
sage: E.rank()
1

sage: k = 1/ (sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36*I*sqrt(3) + 27)

sage: N (k)
0.165495678130644 — 0.0521492082074256*1
sage: N (k,30) # ToumocTb 30 6HT

0.16549568 — 0.052149208*I
sage: latex (k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

1.1 YcrTraHoBKa

Eciu Ha BaileM KOMIbBIOTEPE He YCTAHOBJIEH Sage, M Bbl XOTUTE MOMPOOOBATh HEKOTOPbIE KOMaH/Ibl, BOCIIOIb3YHTECh
9TOM cchUTKOM: http://sagecell.sagemath.org.

PykoBoacTBO 10 ycTaHOBKE Sage MOKHO POCMOTPETH Ha IJIAaBHOM CTpaHUIle Sage B pazjesie JokymeHTauu: [SA] 3nech
MbI [IPUBEIEM JIUIIIb HECKOJIbKO KOMMEHTAPHER:

1. 3arpyxeHHBIH haill yCTAHOBKM Sage sIBISETCS CaMOIOCTaTOYHBIM. To ecThb, XoTs Sage mcrnonb3yer Python,
IPython, PARI, GAP, Singular, Maxima, NTL, GMP u T.1., 0TIe/IbHOI yCTaHOBKHM BHIITIETIEPEUYHCIICHHBIX TAKETOB
He TpeOyeTcsl, TaKk Kak OHM yXe BKJoueHbl. OIHaKO, JIsl MCIIONB30BAHUsI HEKOTOPBIX (DYHKIMI Sage TakuX, Kak
Macaulay nm KASH, BbI 10JKHBI yCTaHOBUTD TpeOyomyecs (pailyibl I UMETh COOTBETCTBYIOIIME TPOTrPAMMBI
Ha BallleM KOMITbIOTepe.

2. IlpeaBapuTeIb-HO CKOMITHIMPOBAHHYI0 OMHAPHYIO BEpcHIo Sage, KOTOPYIO TaKke MOKHO HaiiTh Ha BeO-caiite, Oy-
JIeT JIlerde yCTaHOBUTb, YEM BEPCUIO B UCXOJHOM Kojie. ITpocTo pacnakyiite U BHIIIOJHUTE Sage.

3. Ecum BB kenaete ucnonb3oBath nakeT SageTeX, KOTOpeIil MO3BOJIAET BCTABIATh Pe3yJIbTaThl BHIUUCICHUN Sage B
LaTeX daiin, Tpebyetcs cnenath SageTeX n3BectHsM Bamieit cucreme TeX. [1ist sToro usyuure cekumio «Make
SageTeX known to TeX» B PykoBozcTBe 110 yctaHoBKe Sage (JlaHHasi CChUIKA BEAET K JIOKAJIbHOMY Pa3MEILEHUIO
KOIIMHM PYKOBOJICTBA IO YCTaHOBKe). DTO JAOBOJIBHO IPOCTO; BaM HOHAJOOMUTCS BCETO JIMIIb CKOMPOBATh OIMH
(aiin B mupektopuio noucka TeX.

HokymeHTanusi no ucnoss3oBaHuio SageTeX Haxogutcss B $SAGE_ROOT/venv/share/texmf/tex/
latex/sagetex/, rae «$SAGE_ROOT» COOTBETCTBYET JUPEKTOPUH, IJI€ YCTAHOBJIEH caM Sage, HallpuMep,
/opt/sage—-9.6.

1.2 Pa6ora B Sage

Pa6ota B Sage MoXkeT ObITh OCYIIECTBIEHA HECKOJIBKUMH My TAMH:

* Notebook (rpacnueckuii nuaTepeiic): 3anycTure sage —-n jupyter; unraiite
Jupyter documentation on-line,

¢ NHTepakTHBHASI KOMaHIHASI CTPOKA: CM. MHmepakmuesras 00010uKd;

* IIporpammel: co3qaHKe MHTEPIPETUPYEMBIX M KOMITMIMPYEMBIX IPOrpamMM B Sage (CM. 3azpyska u npuxkpennenie
¢aiinos Sage n Cozdarue KOMNUAUPOBAHHO20 KOOQ),

4 Masa 1. BeepeHue
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1.3

CxpunThbI: co31aHHUE CAMOCTOSITEIIbHBIX CKPUINTOB Ha Python, rcnons3yomnux 6ubnuoreku Sage (cMm. Camocmo-
smenvivle ckpunmul Python/Sage).

LLenn Sage

ITose3Hblii: penonaraeMas ayJUTOPHs MOJIb30BaTeNIed Sage — 3TO MIKOIBHUKH CTapIIMX KJIACCOB, CTYIEHTHI,
y4uteJs, npodeccopa 1 MaTeMaTHKU-UccaeAoBaTe . Llesb: IpeaocTaBuTh porpaMMHOe oOecreueHre, KoTopoe
OBbUIO OBl MOJIE3HO /ISl U3YYEHHUsI U MCCIIE/IOBAHMIA C IIOMOIIBI0 MaTeMaTUYeCKUX KOHCTPYKIMH B anredpe, reo-
METpPUH, TEOPUH YMCEJl, YUCJIEHHBIX BHIYUCICHUSX U T.JI. Sage yIpolaeT MHTePaKTUBHOE SKCIIEPUMEHTHPOBaHHE
C TIOMOIIIBI0 MATEMaTUYECKUX OOBEKTOB.

d dexTuBHblii: Byapre ObICTPBIMU B BHIYUCETHUSIX. Sage UCIOJb3yeT BBICOKOONITUMU3UPOBAHHOE MTPOrPaMM-
Hoe obecnieuenvie, kak GMP, PARI, GAP, and NTL, 1 o3TOMy sIBJISIeTCSI OY€Hb OBICTPHIM B OIEpAIIUsIX.

CBOOOIHBIN 1 OTKPBITHI: VIcXOaHBINA KO JOJIKEH ObITh CBOOOJHO JOCTYITHBIM, TEM CaMbIM IPEJOCTABIISIS MTOJIb-
30BaTeNIIM BO3MOKHOCTb MOHSATh, YTO UMEHHO BBHINOJHAETCSA CUCTEMOM, U JIETKO JOMOJHATHL ee. Tak xke, Kak U
MaTeMaTUKH MpuodpeTtaioT Gosee IIyOoKoe IIOHUMaHHe TeOpeMbl, YIIIyOIIssCh B ee JOKa3aTeabCTBO, JIOAH, Bbl-
MOJIHSIOIIME BBIYMCIIEHHS, B CUJIaX MOHATh, KaK 9TU BBIYMUCIICHHS NPOU3BOJATCS, IOUUTAB JOKYMEHTHPOBAHHBIN
UCXOIHBIH KoJ. ECM BBI MCTIOJIB3yeTe BHIYUCIACHHS Sage B CBOMX MyOJIMKaIMsX, Bbl MOKETE ObITh YBEPEHBI, UTO
BaIllM YMTaTEIU OYyIyT BCEria MMETh JJOCTYII K Sage ¥ BCEMY MCXOHOMY Kofy. Bbl Takske MokeTe apXMBUpOBaTh
U MiepepacnpeesaTh UCIOIb3yeMYI0 BEPCHIO Sage.

Jlerko koMnuIMpyemsblii: Sage J0JKHO OBITh JIETKO CKOMITUIIMPOBATH M3 UCXOAHBIX Kos10B 1og GNU/Linux, OS
X 1 Windows. 9To mpegocTaBUT MOJIb30BATENSIM BO3MOKHOCTh MOAU(DUIIPOBATh M ONITUMHU3UPOBATh CUCTEMY
TO/1 CBOM MPENOYTEHMS.

B3anmopeiictBue: ObecneunTh IPOCTHIC U HA/Ie)KHbIE MHTEP(EHCH TSI MHOTUX JPYTUX CUCTEM KOMIBIOTEPHON
anre6psl, Bkimovast PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and Mathematica. Sage co3naH st
00bEeJUHEHUS U PACIIMPEHUS] BOZMOXHOCTEH CYIECTBYIOIEr0 MaTeMATUIECKOTO TPOrPAMMHOTO O0eCHeUeHHUsI.

Xopomo T0KyMeHTHPOBaHHBI: Bbl nMeeTe 1oCTyn K y4eOHOMY MOCOOMIO, PYKOBOJCTBY MO MPOrpaMMHUPO-
BaHUIO, CIIPAaBOYHOMY PYKOBOJCTBY M how-to, BKJIIOYalomye B ceOsi MHOTOUKCIIEHHbIE TTPUMEpPBI U 00CykIeHHe
MaTeMaTHYeCKOM MOIOTIICKH.

Pacumpsiembiii: O0bsBISITE HOBbIE TUIIBI JAHHBIX WM PACIIMPSIATE BCTPOSHHBIE, MCTIOJIb3YHTE KOJI, HAITUCAH-
HBIF BO MHOKECTBE SI3BIKOB.

Jpy:kecTBeHHBI: Bam OyzeT Jierko moHUMaTh (hyHKIMOHAIBHOCTD JIOOOTO 00BEKTA, a TAKKe MPOCMATPUBATh
JOKYMEHTAIIUIO ¥ UCXOMIHBIN KoJ. Takke MMelTe B BULY BHICOKUI YPOBEHB MOICPKKY MOTb30BATEIICH.

1.3. Lenu Sage 5
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FMABA 2

Typ no Sage

JlaHHBIA pa3aen NOKaXeT, 4To JOCTYIHO B Sage. 171 Apyrux npuMepoB cM. «Sage Constructions», Tie HAXOAATCS OTBETHI
Ha JacTo 3a/iaBaeMble Bonpockl. Takxke cM. «CrpaBouHOE pyKOBOACTBO Sage», B KOTOPOM MOXXHO HAalTH THICSUH JIPYTHX
npumepoB. C TaHHOM SKCKypcrel MOXHO paboTaTh MHTEPaKTUBHO, eciv 3amycTuTh Sage Notebook 1 HaxaTh Ha CChUIKY
Help.

(Ecmm ypoku nipocmarpusatotes B Sage Notebook, Haxkmute shift—enter s Toro, 4To0b BHIYUCIHUTS JIIOOYIO STICH-
Ky BBOJa. [lo HaxkaTus coyeTaHus KiIaBuil shift—-enter MOXHO peJaKTHPOBATh TEKCT BBOJA.)

2.1 MNpuceanBaHune, cpaBHeHUe U apudpmeTuka

C HEKOTOPBIMH MCKJIIOUSHUSIMH Sage UCHIONb3YeT SI3bIK IPOrpaMMUpoBaHust Python, mosToMy MHOTHe KHHUTH, 3HAKOMSI-
e ¢ Python, momoryT B m3y4ennu Sage.

Sage ucnonb3yeT = AJs IPUCBaMBaHUA. ==, <=, >=, < U > UCIIOJb3YIOTCS AJI1 CPABHEHMUSI:
sage: a = 5
sage: a

5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == 5
True

Sage NoAACPIKUBACT BCE 0a30BbIe MATEMATUYECKIE orepanuvu:

sage: 2**3 # ** o3HavaeT BO3BEIEHHE B CTENEHb
8
sage: 2"3 # B Sage * m ** CcHHOHHMEI (B oTinHYHEe OT Python)

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
8
sage: 10 & 3 # ngmg pgenelx ypcen % o3HauvaerT mod, T.e. B34THE OCTATKa
1

sage: 10/4

5/2

sage: 10//4 # mgng nenelx uykcen // o3HayaeT LENOUYHCIEHHOE YacTHOoe
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372*4 + 2%5

38

Brruucnenue BhIpakeHHs, TAaKOro Kak 3°2*4 + 2%5, IPOU3BOJUTCS B COOTBETCTBUU CO CTAPLIMHCTBOM OINEpaLuid,
KaK OIUCAHO B [Ipuopumen OUHAPHBIX apUPMeMUeCKUx onepanopos.

Sage TaKIKE MOAACPKUBACT MHOTME MATEMATUYCCKUC (byHKLII/II/IC

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqgrt (3)

Kak nokasplBaeT nocjesHuii IpiuMep, HEKOTOphle MaTeMaTUYeCKKe BhIpakeH!sI BO3BPALIAIOT ,,TOUHbIE" BEJIMYUHBI, HO
He YMCIIeHHble TpHOvkeHus. [ Toro, 4roObl HOMYYUTh YUCICHHOE MPUOIIMKEHHE, UCTIONb3YiTe (DYHKIMIO N WA
Meto[ n (006a UMeT OoJiee JIMHHBIE HAa3BaHUA - numerical_approx; GyHKuus N - 9T0 TO ke camoe, 4TO U n).
OHM NIPUHIMAIOT HeoOs3aTe bHble apryMEHThl prec, KOTOPbIH onpeiesseT KoJIuJecTBO OUTOB TOYHOCTH, U digits,
KOTOPBII ONpeiesisieT KOJIMUECTBO AECATUYHBIX 11(pp TouHOCTH. [To yMomyaHuio, mpumeHsiercst 53 61ta TOUHOCTH.

sage: exp(2)

en2

sage: n(exp(2))

7.38905609893065

sage: sqgrt (pi) .numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx (pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python nveer nMHAMUYECKUII KOHTPOJIb TUIIOB, TAK YTO 3HAYEHHE, HA KOTOPOE CChUIAETCS MIepeMeHHasl, IMeeT THII,
cBs13aHHBIA ¢ HUM. OfIHAKO, TaHHAs MIepeMeHHasI MOXET COoJiepKaTh 3HaUCHHUE JTI0OO0ro TUra u3 s3sika Python:

sage: a 5 # a — gemoe uYHCJIO

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a 5/3 # remepbp a — PALHOHAIBLHOE UHCIO
sage: type(a)

<class 'sage.rings.rational.Rational'>

sage: a 'hello' # Temepr a — crpoka
sage: type(a)
€ooo "SER'E

SI3pik C, KOTOPBII MMEET CTATUUECKUI KOHTPOJIb TUIIOB, CYLIECTBEHHO OTIIMYAETCS; epeMeHHast, 00bsIBICHHAS KaK Iie-

8 Maea 2. Typ no Sage
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JIO€ YUCIJI0, MOXKET COACPKATDH TOJIBKO LIEJIOE€ YHUCIIO.

2.2 NMonyyeHue nomoLu

B Sage ectpb ucuepneiBaoias BCTpOSHHAs JOKyMEHTAIMsI, K KOTOPOil MOKHO MOJTYy4YUTh JOCTYII, HareyaTaB uMs (QpyHK-
LMY WK KOHCTAHTBHI C MOCJIEYIOIIMM BOIPOCUTEIbHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES :
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan (pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790
sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float (log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-1log2)/(1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima (log2)

log(2)

sage: maxima (log2) .float ()

.6931471805599453

sage: gp(log2)

0.6931471805599453094172321215 # 32-bit

0.69314718055994530941723212145817656807 # 64-bit
(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

sage: sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku (A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE :

sage: A = matrix(zz,9,(5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
0,3,0, 0,6,7, 3,0,0, 0,0,4, 1,5,0, ©,0,0, 0,0,0, ©,0,0, 2,0,8, 0,0,0,
%,0,0, 0,0,0, 0,4,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,31)

sage: A

[5 000800 4 9]

[000O5000 3 0]

[06 73 0000 1]

[1 5000000 0]

[0002 0800 0]

[00OOO0OO0OO0OO0 1 8]

[7 0000415 0]

[03 000200 0]

[4 9005000 3]

sage: sudoku (A)

[51 368724 9]

[84 95216 3 7]

[2 67 34958 1]

[1 58 46 397 2]

[9 742 18 3 6 5]

[326 7 9541 8]

[7 82 9 3415 6]

[6 351 7 289 4]

[4 9185 6 72 3]

Sage Takxke npeocTaBisieT BOSMOXHOCTb ,,ABTO3aBEpIICHHs ! HalleyaTaiTe HECKOJIBKO MEPBBIX OYKB Ha3BaHUS (PYHK-
MM U HAXMHUTE TAB. HaHpHMep, €CJIM Hareyatath ta M Haxarth TAB, Sage BbIBEAET tachyon, tan, tanh,
taylor. [laHHas (pyHKLUS SIBJSIETCS XOPOIIUM CIIOCOOOM MOMCKA MMeH (DYHKIIMI WK APYTHX KOHCTPYKIHI B Sage.

2.3 DYHKUMKU, OTCTYMNbI U CYHETYUKU

Jlnist Toro, 4TOGHI ONpeeNnuTh (PYHKIMIO B Sage, UCIIoNb3yiiTe KOMaHay de £ M ABOETOUHE MOCIe CIIUCKA UMEH NepeMeH-
HBIX:

sage: def is_even(n):
..... return n%2 == 0
sage: is_even (2)

True

sage: is_even(3)

False

3ameTka: B 3aBUCHMOCTH OT BepcuM yueOHOTro IocoOus Ha BTOPOH CTPOKE ITOrO MpUMeEpa MOXKHO YBUAETH
rievyaraiTe UX, Tak Kak OHM CIIy’KaT JIMIIb JJIs1 TOTO, YTOOBI TI0OKA3aTh OTCTYIIBI B KOJIE.

He ompepensiite THIOB apryMeHTOB. MOKHO ONpPEAEIUTh HECKOJIBKO BUIOB BBOJA, apTYMEHTHI KOTOPBIX MOT'YT UMETh
3HAYeHH 10 yMordanuo. Hamprmvep, yHKINSA B ClieyIoneM MpuMepe UCoiib3yeT divisor=2, ecnmi divisor He
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sage: def is_divisible_by (number, divisor=2):

e return number%divisor == 0
sage: is_divisible_by (6, 2)

True

sage: is_divisible_by (6)

True

sage: is_divisible_by (6, 5)

False

Takxe MOXHO 3a7aBaTh BBOJHBIC JaHHbBIE B SIBHOM BHJIE Ipy BbI3OBE q)yHKL[I/II/I. Ecnu 3apaBaTh napaMeTphl ABHO, TO
MOpPAAOK HE BAXKCH:

sage: is_divisible_by (6, divisor=5)

False

sage: is_divisible_by (divisor=2, number=6)
True

B Python 6;10k1 ko2 He OTAENA0TCS (PUTYPHBIMU CKOOKAMH MM IPYTMH 0003HAYEHHSIMH, KaK B JPYTUX sI3bIKax. Bme-
CTO 3TOTrO UCHOJIB3YIOTCS OTCTYIBL. Harpumep, crnefyoliee BbIIACT CHHTAKCHYECKYIO OIIMOKY, TaK Kak Iepe] return
HET TaKoTO e KOJIMYECTBA OTCTYIOB, KaK B MPEIBIAYIIIX CTPOKAX.

sage: def even(n):
noook v = []
e for i in range(3,n):
e if i § 2 == 0:
e v.append (i)
50008 return v
Syntax Error:

return v

Ecim no6asuth oTcTymbl, (hyHKIMs OyneT paboTrarhb:

sage: def even (n):
50008 v = []

e for i in range(3,n):
ce if 1 $ 2 == 0:
et v.append (i)
et return v

sage: even(10)

[4, 6, 8]

Touku ¢ 3ansaTon He HYXHbI Ha KOHIIAX CTPOK. Moxno PacCroJIOKUTh HECKOJIbKO yTBCp)KZ[CHI/Iﬁ Ha 0,[IHOI7I CTPOKE, OTAE-
JICHHBIX TOUKAMM C 3aIISITOM:

sage: a = 5; b =a + 3; ¢c = b"2; c
64

Ecnu Tpe6yeTc51 PACIIOJIOKUTH CTPOKY KOJIa Ha HECKOJIBKHUX CTPOKaX, PICHOHB3yfIT€ \:

B Sage cyeTunky Npon3BOAAT UTEPAIMH 110 MHTEPBAITY LieJbIX yucen. Hamprumep, mepsast CTpoUKa B IpUMepe 03HavaeT
TO ke camoe, uTo for (1=0; 1<3; i++) B C++ wm Java:
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sage: for i in range(3):
ce e print (i)

INepBas crpouka B cienyoleM IpuMepe SKBUBaIEHTHA for (1=2;1<5;i++).

sage: for i in range(2,5):
e print (i)

Tpetuii aprymeHT 3agaet mar. Ciiegyioliee SKBUBANEHTHO for (1=1;1<6; 1+=2).

sage: for i in range(1,6,2):
e print (i)

Yacro Tpedyercst co3zarh TabJMILy /s BBIBOJA YMCell, OCUMTaHHBIX B Sage. Jlerkuii ciocod — ucmosb30BaTh Gop-
MaTHpoBaHue cTpok. Huske cozpgaercst tabnua ¢ TpeMst cTondlaMu MMpUHON 6, coneprkainas TabyInily KBaJpaTtoB 1
KyOOB:

sage: for i in range(5):

5000 & print (' "% (1, 172, 1i73))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

CaMbIM 0a30BBIM TUIIOM JaHHBIX B Sage ABJIACTCA CITUCOK — Ha60p Ppa3IMIHbIX 0OBEKTOB. HaHpI/IMep, KOMaH/Ja range
CO3JaCT CIIMCOK:

sage: list (range(2,10))
[21 3/ 4/ 5! 6! 7/ 8/ 9]

Hanee nokazan npumep 0oJiee CIIOKHOTO CIHCKA:

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v
[1, 'hello', 2/3, sin(x"3)]

I/IHI[CKCI)I B CIIMCKE HAYMHAIOTCA C HYJIA, KaK BO MHOT'UX fA3BIKaxX MporpaMMUpOBaHUA.

sage: v[0]

1
sage: v[3]
sin (x"3)

Hcrnonp3yiite len (v) Ui TOro, YTOOBI MOJTYYUTh JIMHY V; v .append (ob7j) g TOro, 4YroObl J0OABUTH HOBBIN
OOBEKT K KOHIly v, udel v[i], 4TOOBI YIQIUTD - SJIEMEHT U3 V:
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sage: len (v)

4
sage: v.append(1.5)
sage: Vv

[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
sage: del v[1]

sage: Vv

[1, 2/3, sin(x"3), 1.50000000000000]

Jpyroii oueHb BaXKHBIN TUI JaHHBIX — CJIOBaph (FUIM acCOIMATHBHBIA MaccuB). OH paboTaeT, Kak CIMCOK, HO MOXET
OBITh MH/ICKCUPOBAH MOYTHU JIIOOBIM 0OOBEKTOM (MHAEKCHI JOJKHBI ObITh HEM3MEHUMbIMH):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

=2

sage: dle]

pi

Takoke MOXHO ONPeIe/IUTh HOBBII THUIT JAHHBIX C UCTIOJIb30BaHUEM KJIAcCOB. MIHKAINCyIMpoBaHie MaTeMaTHYECKUX 00b-
€KTOB B KJIJaccaX — 3TO MOIIHAs TeXHHKa, KOTOpasl MOXKET MMOMOYb YIPOCTUTb M OPraHU30BaTh IpOrpaMMbl B Sage.
Hwxe nokazan rpumep KJiacca, KOTOPbIA COCTOMT M3 CIMCKA MOJIOKUTENIBHBIX YETHBIX LIEJIBIX YKCEN JI0 1; OH TOJTyueH
13 BCTPOSHHOIO ThMa 1ist.

sage: class Evens (list):

a0 def _ init_ (self, n):

R self.n = n

et list.__init__ (self, range(2, ntl, 2))
PR def _ repr__ (self):

e return "Even positive numbers up to n."

Merox ___init__ BBI3BIBAETCS IJIS MHUIUAIM3AIUN OOBEKTA IPH €r0 CO3JAHUI; METO/I ___repr___ BBIBEIET Bce 00b-
ekThl. KOHCTpYKTOp cricKa BHI3BIBAeTCS BO BTOPOH cTpouke Metoma __init_ . OObeKT Kiacca Evens co3maercs B
CIIeTyIOIIeM BHE:

sage: e = Evens (10)
sage: e
Even positive numbers up to n.

3ameThbTe, YTO € BHIBOJMTCS C IOMOIIBIO METO/la __ repr
ucnonp3yite pyHKIMo 1ist:

5 KOTOprﬁ OBl 3aJlaH HaMU. HJ'[H IIPOCMOTpPaA CITMCKa Y1CeJl

sage: list (e)
[2, 4, 6, 8, 10]

MO:XHO 0OpaTUTLCS K aTPUOYTy N WM MCIIOJIb30BaTh € KaK CIHCOK.

sage: e.n
10
sage: e[2]
6
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2.4 basoBas anre6pa u BblYMCIEHUS

Sage MOKeT OCyLIeCTBIIATh BHIUMCIIEHUS TaKue, KaK MOUCK pellieHuil ypaBHeHUH, [uddepeHIrpoBaHue, UHTETPUPOBa-
HUe 1 npeodpaszoanus Jlarutaca. Cm. Sage Constructions , rae coaepkaTcst IpUuMepsl.

2.4.1 PeweHune ypaBHEeHUN

ToyHoe pelueHMe ypaBHEHUN

Oynkima solve pemaer ypaBHeHUA. 111 ee MCTIONb30BaHUS CHavYasla HY)KHO OINPEENIUTh HEKOTOPHIE TIEPEMEHHBIE;
aprymMeHTamu i solve OyAyT ypaBHeHHe (WM CHCTEMa ypaBHEHWH) U NepeMeHHble, 1J1s1 KOTOPbIX HyXKHO HaWTH
pelieHue:

sage: x = var('x")
sage: solve(x"2 + 3*x + 2, x)
% = =2, = = =1]

Mo’KHO pelath ypaBHEHHS AJIs1 OJHOW MEpPEeMEHHON Yepe3 Apyrue:

sage: x, b, ¢ = var('x b c")
sage: solve([x"2 + b*x + ¢ == 0], x)
[x == -1/2*b - 1/2*sqrt (b"2 - 4*c), x == =-1/2*b + 1/2*sqrt (b"2 - 4*c)]

Tax:ke MOXHO pemaTtb YpaBHEHUA C HECKOJIbKUMU IEPEMEHHBIMU!

sage: x, y = var('x, y")
sage: solve ([x+y==6, x-y==4], X, y)
[[x == 5, v == 1]]

Crnenylomuil mpyuMep MoKa3biBaeT, Kak Sage pellaer CUCTeMy HeJIMHENHbIX ypaBHeHH. [[1s1 Havana cuctema peraercs
CHMBOJIBHO:

sage: var('x y p q'")

(x, v, P, Q)

sage: egl = ptg==

sage: eq2 = q*ytp*x==-6

sage: eg3 = g*y 2+p*x"2==24

sage: solve([egl,eq2,eq3,p==1]1,p,q,X%,Y)

[[p == 1, g == 8, x == -4/3*sqrt (10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, q == 8§,
— X == 4/3*sqrt (10) - 2/3, y == —-1/6*sqrt (10) - 2/3]]

,HJIH HpI/I6.TII/I)KeHHBIX 3HAYEHUI peHICHU MOKHO UCIIOJIb30BATh!:

sage: solns = solve([eql,eqg2,eq3,p==1],p,d,%X,y, solution_dict=True)
sage: [[s[p].n(30), s[g]l.n(30), s[x].n(30), sl[y].n(30)] for s in solns]
[[1.0000000, 8.0000000, —-4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(OyHKIMS n BhIBEAET MPUOIMKEHHOE 3HAUCHHE. APryMEHTOM JUIsl IAHHOU (DYHKIIMU SIBIISIETCS] KOJIMYECTBO OUTOB TOY-
HOCTH)
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UnucneHHoe peLueHne ypaBHeHUN

Bo mHorux ciyyasx ¢pyHKuMs solve He cocoOHa HAalTH TOYHOE pellieHue ypaBHeHus. BMecTo Hee MOXHO UCHOJIb-
30BaTh (pyHKIMIO find_root s HaXOXJEHUA YuCcIeHHOro pemeHus. Hanpumep, solve He BO3BpallaeT HUYEro
CYILIECTBEHHOTO JUTS CJIEYIOLIEro YpaBHEHUSI:

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin (theta) == cos(theta)]

C apyroii ctopoHs! (pyHKIMS £ind_root MOKET HCHOJB30BAThCS ISl PEIIEHHs! BBILICYKa3aHHOTO IIPUMepa B MHTEP-
Bane 0 < ¢ < m/2:

sage: phi = var('phi')
sage: find_root (cos (phi)==sin(phi),0,pi/2)
0.785398163397448...

2.4.2 OundphepeHumnpoBaHue, MUHTErpupoBaHume U T.A4.

Sage ymeet nuddepeHIMpoBaTh M MHTErpupoBaTh MHOrKe (pyHKIMK. Hanpumep, u1st Toro, yro6s! poauddepeHmpo-
Bath sin(u) Mo MepeMeHHOi u, TpedyeTcs:

sage: u = var('u')
sage: diff (sin(u), u)
cos (u)

JI1s1 nojicyeTa YeTBEPTOi MPOM3BOIHOMN (yHKIMY Sin(x?) Hajo:

sage: diff (sin(x"2), x, 4)
16*x"4*sin (x"2) — 48*x"2*cos (x72) — 12*sin(x"2)

151 HaX 0K IeHUST YaCTHBIX TIPOM3BOIHBIX, KaK, HAIIPUMep, 1T (DYHKIUU 2% 4 17y 110 & ¥ Yy COOTBETCTBEHHO:

sage: x, y = var('x,y'")
sage: f = x"2 + 17*y"2
sage: f.diff (x)

2*x

sage: f.diff (y)

34*y

o . . 2 1 5
Ter[epb HanuJI€M UHTETpaJibl: U ONIPEACIICHHBIC, 1 HEOIIPECACJICHHBIC. HaHpHMep, f T Sln(il? ) dxu fO 211 dx

sage: integral (x*sin(x"2), x)
-1/2*cos (x"2)

sage: integral (x/(x"2+1), x, 0, 1)
1/2*1og (2)
JI1s1 HaXOK/IeHHsT Pa3JIOKSHUs Ha MTPOCThIE APOOHU JUTst ﬁ HYXKHO CAEJIaTh CIeayoLlee:

sage: f = 1/((1+x)*(x-1))
sage: f.partial_fraction (x)
-1/2/(x + 1) + 1/2/(x - 1)
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2.4.3 PeweHune audcbdepeHunanbHbIX ypaBHEHUN

Sage MOXeT UCIIOJIB30BATCS IS pereHus auddepeHIraIbHbIX ypaBHenuid. s pemenus ypasuenus ¢’ +x — 1 = 0
ClIeIaeM CIIETyIOLIEee:

sage: t = var('t"') # ompenenenue NEepPeMeHHOH t Oa9 CHMBOJbHBIX BBIYHCIEHHH
sage: x function('x"') (t) # ompeneneHue QYHKIHH X 3aBHCHWENR OT t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + et)*e” (-t)

Jlns atoro ucnionb3yercs uutepdeiic Maxima [Max], I09TOMy pe3y/IbTaT MOKET GBITh BHIBEIEH B BUJIE, OTIMYHOM OT
0OBIYHOTO BHIBOAA Sage. B 1aHHOM ciryuae oOlIee peleHue 1is JaHHOTO i depeHIManbHOro ypapHerHus - x(t) =
e et + O).

Tpeo6pazopanus Jlanaca Takxke MOTyT ObITh BhiuMceHbl. [TpeoGpasosanue Jlaraca ans t2e! — sin(t) Buumcsercs
ClIe oMM 00pa3oM:

sage: s = var("s")
sage: t = var("t")
sage: f = t"2%exp(t) - sin(t)

sage: f.laplace(t,s)
-1/(s”2 + 1) + 2/(s - 1)"3

IMpuBenem Gonee cnoxHbii mpumep. OTKIOHEHUE OT MOJOKEHHsI PABHOBECHs JUIsI TIAPbI [IPYXKUH, MPUKPEIUICHHBIX K
CTEHE CJIEBA,

[ === \N/\/\/\/\-—=|maccal|-——-\/\/\/\/\/-———|mMacca2 |

npyxuHal NpyXuHa2

MOJKET OBbITb MpEACTaBJICHO B BUIC )JI/ICI)Q)CPCHHI/IBJ'[])HI)IX ypaBHeHI/Iﬁ BTOPOTI'O MOpsAAKa
maxy + (ki + ka)zy — kawa =0
mgxg + kQ(I’Q — 1'1) = 0,

re m; - 9T0 Macca 00BEKTa i, T; - 3TO OTKJIOHEHUE OT IHOJIOKEHUS PaBHOBECUSA MAcCH i, a k; - 9TO KOHCTaHTa I
MPYKUHBI 1.

IIpumep: Vcnoss3yiite Sage is BBILICYKa3aHHOTO mpuMepa ¢ my = 2, mg = 1, k1 = 4, ke = 2, 21(0) = 3,
24(0) =0, 22(0) = 3, 25(0) = 0.

Pemtenne: Hayo HaiiTu mpeoGpa3oBaHue Jlaraca mepBoro ypaBHeHus (C yCIOBHEM & = Ty, Y = T2):

sage: del = maxima("2*diff(x(t),t, 2) + 6*x(t) — 2*y(t)")
sage: ldel = del.laplace("t","s"); ldel.sage()
2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -

— 2*D[0] (x) (0)

,HaHHbIﬁ PE3YJIbTAT TAXKEIO YUTAEM, OJHAKO JOJIKEH OBITb MIOHAT KaK
—21'(0) + 25% - X(s) — 252(0) — 2Y'(5) +6X(s) =0

Haiinem npeo6pazoBanue Jlariaca [yisi BTOPOro ypaBHEHHUS:

sage: t,s = SR.var('t,s'")

sage: x = function('x')

sage: y = function('y')

sage: f = 2*x(t).diff(t,2) + 6*x(t) — 2*y(t)

(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: f.laplace(t,s)
2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
< 2*D[0] (x) (0)

Pesynprar:
~Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

Bcrasum Havanbable yenoeust st (0), 2(0), y(0) u /(0), n petwm ypaBeHust:

sage: var('s X Y'")

(s, X, Y)
sage: egqns = [(2*s"2+6) *X-2*Y == 6*s, —-2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s™4 + 5*s”2 + 4),
Y == 3*(s"3 + 5*s)/(s™4 + 5*s72 + 4)]]

Teneps npoussenéM odpatHoe npeodpa3zoBanue Jlaraca Juist HaXOkKJEHHsI OTBETa:

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s"3 + 9*s)/(s"4 + 5*s”2 + 4),s,t)
cos (2*t) + 2*cos (t)

sage: inverse_laplace((3*s"3 + 15*s)/(s”4 + 5*s"2 + 4),s,t)
—cos (2*t) + 4*cos(t)

Hrak, otBer:
x1(t) = cos(2t) + 2cos(t), x2(t) = 4cos(t) — cos(2t).

I'paduk 1 OTBETA MOKET OBITh IIOCTPOEH MApaMETPHUYECKH, MCTIOb3Y I

sage: t = var('t")

sage: P = parametric_plot ((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
e (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show (P)

I'pacpriky MOTYT OBITH TIOCTPOEHBI U /1S OTIEIBHBIX KOMIIOHEHTOB:

sage: t = var('t")
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue (0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue (0.6))
sage: show(pl + p2)

Inst Gostee wcueprnbiBaonied uHpopmalmu 1o rpadukam cMm. [locmpoenue zpagburxos. Takke cM. ceKiuio 5.5 u3
[NagleEtA12004] mnst yrny6aeHHow uHdgopManuu no qudgepeHuanbHbIM YPaBHEHUSIM.
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2.4.4 MeTop Ounepa Ans pewleHusi cucteMm gudpcpepeHumanbHbIX ypaBHEHUN

B cremyiomem npuMepe nokasaH metof Diiepa 1A auddepeHaIbHbIX ypaBHEHUI IEPBOrO U BTOPOTO MOPSIKOB.
CHayasia BCIOMHHM, UTO JieJIaeTcsl Il ypaBHEHHUI iepBoro nopsiaka. [laHa 3aj1aua ¢ HauaJbHBIMU YCJIOBHSIMU B BUJIE

y/ :f(zvy)v y(a) =

TpeOyeTcst HaWTH NPUOJIU3UTENIbHOE 3HAUEHUE pelleHusi pu © = bu b > a.

U3 onpepeneHrst TpOU3BOAHON CIIEAYET, UTO

oy Y@+ h) —y(z)
y(z) m =,

rae h > 0 gano u siBjisiercst HeGombumM. 10 1 nupdepeHimansioe ypaBaenue gaior f(x, y(z)) =~ w

Teneps Hamo pemts wist y(x + h):
ylx +h) = y(x)+ h- f(z,y(z)).

Ecmu nasBats h- f (2, y()) «I0OMPaBOYHBIM 3JIEMEHTOM», () «IIPEXHIM 3HAYEHUEM Y» a y(x+h) «<HOBBIM 3HAUCHHEM
y», TOrMA JaHHOe MPUOJMKEHNE MOKET ObITh BBIPAXEHO B BHIE

Ynew = Yold + h- f(ma yold)~

Ecyn pa3outh MHTEpBa MEKIY a ¥ b Ha n YacTei, 9To0bl h = ”‘T“ TOT/Ia MOKHO 3aIicaTh HH(POPMAIIHIO ISt TAHHOTO
METO/Ia B TaOJHMILY.

@ y h-f(z,y)
a c h- f(a,c)
a+h c+h- fa,c)

a+2h

b=a-+nh ?7?

Llenbio sBJIsIETCS 3aIOJHUTH BCE MYCTOTHI B TaOJMIIE IO OJHOMY Psfy 3a pa3 IO MOMEHTa JOCTIKeHHs 3amucH 777,
KOTOpasi U sBJISIETCS NPUOIIMKEHHBIM 3HaYeHHeM MeTofia dittepa 1ist y(b).

Pemenvie cucrem nuddepeHnmanbHbIX ypaBHEHHH MOX0Xke Ha pellieHre OObIYHbIX AuddepeHInatbHbIX YpaBHEHUH.

IMpumep: Haiigure uncienHoe npubnusuresbHoe 3Havenue i z(t) npu ¢t = 1, ucnone3yst 4 mara merona Jitiepa,
e 2’ +t2' 4+ 2=0,2(0) =1, 2(0) = 0.

TpeOyercs npuBecTy quddepeHIMaTbHOE YpaBHEHHE 210 MOPs/IKA K CHCTeMe IBYX AudhepeHIIaIbHbIX YPaBHEHHI Nep-
BOIO MopsiaKa (UCTIONL3Ysl T = 2, y = z') U IPUMEHUTH MeTo Ditepa:

sage: t,x,y = PolynomialRing(RealField(10),3,"txy") .gens()

sage: f =y; g=-x -y *¢t
sage: eulers_method_2x2 (f,qg, 0, 1, 0, 1/4, 1)
& x h*f (t,x,vy) y h*g(t, x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022
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Wrak, z(1) ~ 0.75.

MoOKHO MOCTpOMTh TpadMK I TOYeK (,y), YTOOBl TMONYYUTh NPUONMBHTENbHBIA BHI KpHUBOW. DYHKIHA
eulers_method_2x2_plot BHNOJHUT JaHHYIO 33jady; A 3TOTO HAAO ONpeleauTh (PyHKIMU f U g, apryMEeHT
KOTOPBIX UMEET TPH KOOPAMHATHL: (¢, T, Y).

sage: f = lambda z: z[2] # £(t,x,y) =y
sage: g lambda z: -sin(z[1]) # g(t,x,y) = —sin(x)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

B 3TOT MOMEHT P copepxkuT B cebe nBa rpacduka: P [0] - rpaduk x mo t u P [1] - rpaduk y mo ¢. Oba 3tu rpacduka
MOT'YT OBITh BBIBEJICHBI CJIEAYIOIIUM 00Pa3oM:

[sage: show (P[0] + P[1])

2.4.5 CneumnanbHble PYHKLUU

Hecko1bko OpTOrOHaJIbHBIX MOJIMHOMOB U CIIEUUAIbHBIX (PYHKIIMI ocyliecTBieHsl ¢ nomolbio PARI [GAP] u Maxima
[Max].

sage: x = polygen(QQ, 'x')

sage: chebyshev_U (2, x)

4*x~2 — 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_TI(1,1).n()

0.565159103992485

sage: bessel_TI(2,1.1).n()

0.167089499251049

Ha ﬂaHHLIﬁ MOMCHT Sage paccMaTpruBacT JaHHbIE Cl)yHKHI/II/I TOJIBKO JI YMCJIEHHOI'O ITPUMEHEHUS. Hﬂﬂ CUMBOJIBHOI'O
HMCIIOJIb30BAHUS HYKHO HAIIPAMYIO UCIIOJIb30BATh I/IHTCp(l)GfIC Maxima, KaK OITMCaHO HMXKE:

sage: maxima.eval ("f:bessel y (v, w)")
'bessel_y (v, w)'

sage: maxima.eval ("diff (£,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"

2.5 MNMocTpoeHue rpacoukos

Sage MOKeT CTpPOUTh AByMEpHbIE U TPeXMEpPHbIE IpahuKu.

2.5.1 [1BymepHble rpadourkum

B nBymMepHOM TpocTpaHCTBE Sage MOXKET OTPHUCOBBIBATH KPYTH, JIUHAYA W MHOTOYTOJIbHUKY; rpaduku (pyHKIUH B 1e-
KapTOBbBIX KOOP/IMHATAX; TaKKe rpadpuKy B MOJSPHBIX KOOPAWHATAX, KOHTYPHbIE IpapuKu 1 U300pakeHrs BEKTOPHBIX
nosieir. HexoTtopsle mpumepsl OyayT nokasansl Huxe. s Gosiee ncyepribiBaolieii nHGOpPMAIMK 10 MOCTPOSHUIO Ipa-
uxoB cM. Peuenue ougpgpeperiyuanvhvix ypasrenuti u Maxima, a Takxe JokyMmeHTanuio Sage Constructions.

JlaHHasg KOMaH/1a MOCTPOUT XKEJITYI0 OKPYKHOCTb pajuyca | ¢ HEHTpOM B Havaje:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive
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Takke MOXHO OCTPOUTH KPYT:

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

Mo’KHO co3/1aBaTh OKPYKHOCTb U 331aBaTh €€ KaKoi-Jn0o nepeMeHHOM. [JaHHBII niprMep He OyIeT CTPOUTh OKPYK-
HOCTb:

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

Y1005l MOCTPOUTD €€, UCTIONb3YHTE C . show () WM show (c):

[sage: c.show ()

c.save ('filename.png') coxpaHuT rpacuk B (daill.

Ternepb 3TH ,,0KPYRKHOCTH OOJIBIIIE TIOXOKHU HA JUTAIICH, TAK KAK OCH UMEIOT Pa3HbIil MACIITad. ITO MOKHO UCIIPABUTH
CIIeyIoIMM 00pa3oM:

[sage: c.show (aspect_ratio=1)

Komanga show (c, aspect_ratio=1) BBIOJHUT TO e camoe. COXpaHUTh KAPTUHKY MOXXHO C TIOMOIIBIO C .
save ('filename.png', aspect_ratio=1).

Crpouts rpadyku 6a30BbIX (PYHKIMI JIETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

Kax TosibKO MM TiepeMeHHOH oTpe/iesieHO, MOXKHO CO3/1aTh ITapaMeTprIecKuil rpaduk:

sage: x = var('x")
sage: parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6))
Graphics object consisting of 1 graphics primitive

Baxno OTMETUTB, YTO OCHU rpa(bm(a 6y,£[yT NEPECCKaThCA JIUIIb B TOM CJIy4dae, KOIrla Ha4aJl0O KOOPAWHAT HAXOAUTCH B
MOJIE 3pEHUS rpaq)m(a, M 9TO K JOCTATOYHO OOJIBIIIMM 3HAYEHUSIM MOKHO NPUMCHUTHL HAYYHOC 0003HAYEHHE:

sage: plot (x"2, (x,300,500))
Graphics object consisting of 1 graphics primitive

MOXHO OOBETUHSIT TOCTPOSHHMSI, TOOABJISASI UX IPYT IPYTY:

sage: x = var('x")

sage: pl = parametric_plot ((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 parametric_plot ((cos (x),sin(x)"2), (x,0,2*pi), rgbcolor=hue (0.4))
sage: p3 = parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi),rgbcolor=hue(0.6))
sage: show (pl+p2+p3, axes=false)

Xopommii crocod co3gaHus 3aroTHEHHBIX (pUryp — co3zaHue crnmcka Touek (L B creyloleM IprMepe), a 3aTeM Hc-
TN0JIb30BaHUE KOMaHAB! polygon I NOCTPOeHHs (DUTYpHl ¢ TPaHUIIAMU, 0OPa30BaHHBIMU 3aJaHHBIMH TOYKamu. K
MPUMEpY, CO30aANM 3€JICHBIN AeIbTONI:

sage: L = [[-1+cos(pi*1/100)* (1+cos(pi*1i/100)),
6000k 2*sin(pi*1/100) * (1-cos (pi*1/100))] for i in range (200)]
sage: p = polygon (L, rgbcolor=(1/8,3/4,1/2))

sage: p
Graphics object consisting of 1 graphics primitive
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Haneuaraiite show (p, axes=false), yToObl He MMOKA3bIBAThH OCE Ha rpacduKe.

MO:HO JI0OaBUTh TEKCT Ha TpaduK:

sage: L = [[6*cos(pi*i/100)+5*cos ((6/2)*pi*i/100),

00008 6*sin (pi*i/100)-5*sin((6/2) *pi*i/100)] for i in range (200) ]
sage: p = polygon (L, rgbcolor=(1/8,1/4,1/2))

sage: t = text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show (p+t)

Vunrenst MaTeMaTHKM 9acTo PUCYIOT CleqyloIi rpaduk Ha JOCKe: He O/IHY BETBb arcsin, a HECKOJIBKO, T.e. TpaduK
dyskmn y = sin(x) wia & Mexay —27 U 27, IepeBepHyTHIA [0 OTHOIICHHIO K JUHMU B 45 rpagycos. Creayomas
KOMaHJa Sage MOCTPOUT BBILIIEyKa3aHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float (pi),2*float (pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

Tak kak (byHKLlI/IS{ TaHTeHca UMeeT OOJIbIINI HMHTCPBAJI, YEM CUHYC, IIpU UCIIOJIb30BAHUU TOM e TEXHUKH UL TIEpEBEP-
TBIBAHU A TaHI'€HCA Tpe6yeTc;1 WU3MEHWUTH MUHUMAJIBHOE 1 MAKCUMAJIbHOE 3HAYEHUA KOOPAUHAT IJIA OCH X:

sage: v = [(tan(x),x) for x in srange(-2*float (pi),2*float (pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage Takke MOXET CTPOUTH TpapUKH B TOJSIPHBIX KOOPAMHATAX, KOHTYPHBIE IOCTPOSHUS U N300pakeHUsI BEKTOPHBIX
noJsel (A4 crenuaibHbeIX BUAOB (byHKIuil). [lanee cieayeT npuMep KOHTYPHOIO YepTexa:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot (£, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

2.5.2 TpexmepHble rpacoukm

Sage Takke MOXKeT ObITh HCIIOJIb30BaH U151 CO3/IaHUsI TPEXMEPHBIX IpadrKoB. DTU rpavKH CTPOSITCS C TOMOIIBIO ITaKeTa
[ThreelS], koTopHIif HOAAEPKUBAET TOBOPOT U MPUOIMKEHIES KAPTUHKY C TIOMOIIBIO MBIIIIH.

Hcnonbayiite plot 3d, aro6sl nocTpouthb rpaduk (yHKImu Ghopmsl f(x,y) = z:

sage: x, y = var('x,y")
sage: plot3d(x"2 + y"2, (x,-2,2), (y,-2,2))
Graphics3d Object

Eme MoxHO ncrnons3oBath parametric_plot3d ms nocrpoeHus rpaKoB MapaMeTprUuecKuX MOBEPXHOCTEN, Iie
KaXABli U3 T, y, 2 onpeaensieTcss PyHKIMeH OAHOM WM ABYX IMEepPeMEHHBIX (TTapaMeTpsl; 00bIMHO U U v). [Ipeaptymmuii
rpauK MOXeT OBbITh BbIpaKeH NapaMeTPUUECKH B CIIeyIOLIeM BUIE:

sage: u, v = var('u, v')
sage: f_x(u, v) =u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v"2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

Tperwnii ctocod MoOCTPOUTh TPEXMEPHYIO MTOBEPXHOCTD B Sage - Ccrosb30BaHue implicit_plot 3d, KOTOPBIA CTpOUT
KOHTYpBI rpacdukoB pyHKuuH, Kak f(x,y, z) = 0. YroOs! HOCTpOHTH Chepy, BOMOIb3YEMCs KIACCHIECKOI (POpMYIIOii:
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sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x"2 + y*2 + z"2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

Huxe noka3aHsl HECKOJIBKO IPUMEPOB:

CkpeleHHbIN Kouinak (OJIM3KUIA POACTBEHHHUK LIMPOKO U3BECTHOrO Jivcta MEbuyca):

sage: u, v = var('u,v'")

sage: fx = (l+cos(v)) *cos(u)

sage: fy = (l+cos(v)) *sin (u)

sage: fz = -tanh((2/3)* (u-pi)) *sin (v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

e frame=False, color="red")
Graphics3d Object

Kpyuenslii Topoua:

sage: u, v = var('u,v'")

sage: fx = (3+sin(v)+cos(u)) *cos(2*v)

sage: fy = (3+sin(v)+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

et frame=False, color="red")
Graphics3d Object

JlemHuckara:
sage: x, y, z = var('x,y,z")
sage: f(x, y, z) = 4*x"2 * (x"2 + y*2 + 272 + z) + y*"2 * (y"2 + z72 - 1)

sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

2.6 PacnpoctpaHéHHble npobnembl ¢ hyHKLUAMN

HexoTtopsle acniekTsl onpeaenaeHus GyHKIMA (Hanpumep, 11 AudgepeHInpoBaHus WM NOCTPOeHUs rpaduka) MOTyT
OBbITH He SICHBL. B 3TOM pasnesne Mbl oOpalaeM BHUMaHME Ha HEKOTOpbIe HanboJee pacripocTpaHeHHbIe TPOOIEMBI.

Jlanee MMOKa3aHbl HECKOJIBKO CIIOCOO0B OoIpeaeieHus Toro, 4YTo0 MOXHO Ha3BaThb «(byHKI.[HCﬁ»Z

1. Onpepenute pynknumio Python, kak orucaHo B pazuene @yukuyuis, omemynsl u cuenmyuri. s TaKUX (PYHKIIH MOKHO
MOCTPOUTH rpacduku, HO poaucepeHITUPOBATh WU IPOUHTETPUPOBATh UX HEJb3.

sage: def f(z): return z"2
sage: type (f)

<... 'function'>

sage: f(3)

9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

OO0patuTe BHUMaHHE HAa CHHTAKCUC B TIOCHeqHEN cTpodke. plot (£ (z), 0, 2) BbJIACT OMMOKY, TaK KaK z - 3TO
nepeMeHHas-00JIBaHKa B OIpe/ieNieHnu £, KOTopasi He olpejiesieHa BHYTPH TaHHOW KOHCTpYKIwH. [Ipocto £ (z) BO3Bpa-
TUT omuOKy. Crepyomee Oyzet paboTaTs B JAHHOM KOHTEKCTEe, OJJHAKO, B 00IIeM, BOSHUKHYT HEKOTOPHIE 3aTPYIHCHUSA,
HO OHH MOTYT OBITh TPOMTHOPHPOBAHBI (CM. TIYHKT 4).
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sage: var('z") # ompeneneHHe NEPEMEeHHOH Z MOA9 CHMBOJBbHBIX BBIUHCIEHHH
Z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

B sTOM ciydae £ (z) - 3TO CUMBOJIbHOE BBIpaKEHUE.

2. OmnpesiesiiM «BbI3BIBAEMOE CUMBOJIBHOE BbIpaskeHne». OHO MOXeT ObITh NpoauddepeHIpOBaHO, TPOUHTErPHUPOBaA-
HO, a TaKKe MOXHO IIOCTPOUTSH €ro rpacuk.

sage: g(x) = x"2

sage: g # g orobpaxaer x B x"2
X |=-—> x"2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

R|==> 2%x%

sage: Dg(3)

6

sage: type (g)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

Ecim g — 3T0 BBI3BIBAEMOE CUMBOJILHOE BBIPAKEHHUE, g (X) — ITO CBA3SIHHBINA C HUIM OOBEKT, HO JPYroro Buja, s
KOTOPOT'O MOXHO IOCTPOHTD TpapuK ¥ KOTOPBIH MOKXHO An(pepeHnnrpoBath u T.1.

sage: g (x)

xX"2

sage: type (g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative ()

2753

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3. MO’HO KCIOJIB30BaTh YKe ONpee/ieHHYI0 (DyHKIMIO Sage — ,,(pyHKLHMIO ncuucienus . [[yis Hee MOXkeT ObITh OCTPO-
eH rpauK, oHa MOKeT ObITh NpoauddepeHIIMPOBaHa U IPOUHTETPUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot (sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

Cama 1o cebe (pyHKIMs s1in He MOXeT ObITh poarddepeHIpoBaHa, O KpaliiHel Mepe, He MOXKET IPOU3BECTH COS.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:
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Ucnonp3oBanne £ = sin (x) BMECTo sin pa60TaeT, HO JIyd4llle UCIoJIb30BaTh £ (x) = sin (x) 14 TOro, 4TOOBI
OIIPEAEIIATD BBI3BIBAEMOE CUMBOJIBHOE BbIPAXKEHUE.

sage: S(x) = sin(x)
sage: S.derivative ()
X |——> cos (x)

[aniee ciey0T HEKOTOpbie OOIIKEe MPOOIEMbI C 00BSICHEHHEM:

4. CnyyaiiHasi OIleHKa.

sage: def h(x):

et if x<2:

et return 0
et else:

50008 return x-2

Ipodmema: plot (h(x), 0, 4) mocrpout KpuBy y = x — 2. [IpuumHa: B komanme plot (h(x), 0, 4)
CHayaja OLEHUBAETCS h (X ), UTO O3HAYACT MOACTABKY X B (DYHKIIHMIO h M OLIEHKY X<2.

sage: type (x<2)
<class 'sage.symbolic.expression.Expression'>

Pemenue: He ucnonesyiite plot (h (x), 0, 4);UCHONb3yiTe:

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

5. OmmboYHOE CO3IaHNe KOHCTAHTHI BMECTO (DYHKITHU.

sage: f = x

sage: g = f.derivative()
sage: g

1

[pobmema: g (3) , HarIpuMep, BO3BPATUT OMHOKY ¢ coodreHreM «ValueError: the number of arguments must be less
than or equal to 0.»

sage: type (f)
<class 'sage.symbolic.expression.Expression'>
sage: type (g)
<class 'sage.symbolic.expression.Expression'>

g HEC ABJIACTCA @yHKHHeﬁ, 9TO KOHCTAHTa, NO3TOMY OHA HE UMECT NCPEMEHHBIX, 1 Bbl MOKETE BCTABJIATH YTO YIOAHO B
HEeE.

Perienue: ecTb HECKOJIBKO BO3MOXKHBIX ITyTEH.

° Onpe)lem/m) f M3HAYaJIbHO KaK CUMBOJILHOE BbIpaK€HHE.

sage: f(x) = x # BMecTO 'f = X'
sage: g = f.derivative()

sage: g

X |-—> 1

sage: g (3)

1

sage: type (9)
<class 'sage.symbolic.expression.Expression'>
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* JIu6o BMecTe ¢ £, OIpe/ie/IeHHOM BHIIIIE, ONPEISIUTh § KAk CUMBOJIbHOE BBIPaKEHHUE.

sage: f = x

sage: g(x) = f.derivative () # BMecTto 'g = f.derivative()'
sage: g

x |=——> 1

sage: g (3)

1

sage: type (g)
<class 'sage.symbolic.expression.Expression'>

e JIuboc f u g, 3aJaHHbIMHU, KaK MOKAa3aHO BbILIC, CO3aTh IEPEMEHHYI0, 11O KOTOPYIO NOACTABJIAIOTCA 3HAUYCHUA.

sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # BmMecTO 'g(3)'

1

Ectb eme oauH croco0, Kak OIIpelEeIUTh pa3inuyue MexXay Npou3BoaHeiMu £ = x U £ (x) = x
sage: f(x) = x

sage: g = f.derivative()

sage: g.variables|() # mepeMeHHble, KOTOPBIE NPHCYTCTBYIOT B g

()

sage: g.arguments() # apryMeHTbl, KOTOPLIE MOI'yT ObITh HOLCTABIEHBl B g
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables|()

0)

sage: h.arguments ()

0)

Kak nokaspIBaeT JaHHBINA IpUMep, h He IPUHUMAET apryMEHTOB, I03TOMY h (3) BepHeT OIIMOKY.

2.7 OCHOBHbI€e KOJibLLa

IIpu 0OBSIBICHUM MATpPUI], BEKTOPOB MM MOJTMHOMOB ISl HUX MHOTZA [OJIE3HO, a MHOIA U HEOOXOIUMO OIpeAessaTh
«KOJIBI[a», Ha KOTOPBIX OHU OIpefesieHbl. Koabyo - 9TO MaTeMaThyecKasi KOHCTPYKIHS, B KOTOPOH CYIIECTBYIOT OIpejie-
JIEHHBIE TIOHATUS CyMMBbI M IPOM3Be/ieHus. EC/i Bbl HUKOT/IA O HUX HE CJIBIIIANH, TO BaM, BEPOSATHO, IOCTATOYHO 3HAThH
00 3TUX YEeTBIPEX YaCTO UCIOJIb3YEMbIX KOJIbIAX:

e nenbie uicna {..., —1,0,1,2, ...}, HasbIBaeMble Z7Z B Sage.

* paLMOHANILHBIE YKMCJIA — HAIIPUMED, APOOU MIIM OTHOIIEHHKS LENBIX YUCEN —, Ha3biBaeMble QQ B Sage.
* BEILECTBEHHbIE YKCIIa, HAa3bIBaeMble RR B Sage.

* KOMILIEKCHBIE 9KCIIa, Ha3bBaeMble CC B Sage.

3HaHMe Pa3INYril MeXIy JaHHBIMH KOJBI[AMU OYEHb BAXHO, TaK KaK OJVH U TOT € MOJMHOM, ONPEe/ICICHHBIN B pa3-
HBIX KOJIBIIAX, MOXKET BecTH ceGs no-pasHomy. Hanpumep, nomiHom 2 — 2 uMeer 1Ba KOpHS: 4-1/2. ITH KOpHHU He
SIBJISTIOTCS] PAlIMOHAIBHBIMU YMCJIAMH, TTO3TOMY €CJIM Bbl paboTaeTe ¢ MOJMHOMAaMH C PalliOHAIBHBIMU KO3(hULIMeH-
TaMH, TO TIOJIMHOM He OyzeT pasniarathcsi Ha MHoxwuTear. C BelecTBeHHBIME Koadduimentamun — Oyner. [Tostomy
CTOMT OIPEeIETUTh KOJIBLIO, YTOOBI OBITh YBEPEHHBIM, UTO MOJIYUESHHBIH pe3yJbTaT OyaeT npaBuibHbIM. Cliefyiomuye 1se

2.7. OCHOBHbIE KOJNnbLa 25




Sage Tutorial in Russian, Bbeinyck 10.4

KOMaH/Ipl 33/1a10T MHOKECTBA MOJIMHOMOB C PallMOHATbHBIMU KO3(D(DUIIEHTAMH U BEIIECTBEHHBIMU KO3(hhULIMEHTaMU
COOTBETCTBEHHO. MHOKeCTBa Ha3BaHbl «ratpoly» u «realpoly», HO 3TO He CTOJIb BaXXHO B JAHHOM KOHTEKCTE, OIHaKO
CHMBOJIBHBIE COUETAHUSA «.<t>» U «.<Z>» SBJISAI0TCS HA3BAHUAMU NIEPEMEHHBIX, UCIIOJIb30BAHHBIX B JBYX CIIyYasx.

sage: ratpoly.<t> = PolynomialRing (QQ)
sage: realpoly.<z> = PolynomialRing (RR)

®dakTopusupyem 2 — 2:

sage: factor(t"2-2)

tr"2 - 2

sage: factor(z"2-2)

(z — 1.41421356237310) * (z + 1.41421356237310)

CumBoi I 0603HAYaET KBaI[paTHBIﬁ KOpPEHb U3 — 1; i — 370 TO XK€ camoe, uTo 1. KOHG‘IHO, 9TO HE pallMOHAJIbHOE YUCJIO:

sage: 1 # xBampaTHEIH KOpPEeHb H3 —1
I

sage: i in QQ

False

3ameTKa: BrlllleonucaHHbIH KO MOXET pa6OTaTI> HE TaK, KaK 3ayMbIBaJIOCh, €CJIN HCPCMGHHOﬁ i ObLIO 341aHO Ipyroe
3Ha4Y€HHE, HalTIpUMEP, €CJIN OHO OBLITO HUCIIOJIb30BaHO, KaK CUCTUYMK JJIA IUKJIA. B takom CJiyda€ BBEIUTE

[sage: reset ('1i'")

JJId TOrO, YTOOBI TIOJIYYUTh N3HAYaJIbHOE KOMIUIEKCHOE 3HAYEHUE i.

EcTb ojHa TOHKOCTH B 33/IaHUM KOMIUIEKCHBIX YMCEJ: KaK OINMCAHO BbIIE, CAMBOJ 1 MpPEACTABIsAET KBAaAPaTHHINA KO-
peHb U3 —1, HO 3TO KOpEHb U3 —1 Kak anre6panquK0e yuciio. Beso CC (1) wmm CC.gen (0) wm CC.0 BEpHET
KOMN1eKCHblil KBAAPATHBIA KOpeHb u3 — 1.

sage: i = CC(1) # KOMOIEeXCcHOEe YHCIO C NIaBapljeld 3amndToH
sage: i == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1

sage: z.imag () # MHHMAd YACTh

0.666666666666667

sage: z.real() == a # aBTOMATHYECKOE NPHBENEHHE THIOB NEpel CPABHEHHEM
True

sage: a + b

2

sage: 2*b == a

True

sage: parent (2/3)

Rational Field

sage: parent (4/2)

Rational Field

sage: 2/3 + 0.1 # aBToMaTHUeECKOe NPHBELEHHE THIOB MNEPEeln CIOXEHHEM
0.766666666666667

sage: 0.1 + 2/3 # npuBemeHHe THIOB B Sage CHMMETPHYHO
0.766666666666667

Janee ciemyioT nmpuMepsl 0a30BbIX Kojell B Sage. Kak oTMeueHo Bblllle, KOJIBLO PAlMOHAIBHBIX YKCe] 0003HavYaeTcs
Kak QQ, a Takxe Kak RationalField () (nose - 3TO KOJIBLO, B KOTOPOM IIPOU3BEIEHUE SBJICTCS KOMMYTaTUBHBIM
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Y B KOTOPOM KaX/Iblil HEHYJICBOM 3JIEMEHT MMeeT OOpaTHYIO BEIMUUHY B 9TOM KOJIblie (PallMOHANIbHBIE YHCTIA SIBIISIOTCS
OJIEM, a IIEJIbIE - HET):

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

Hecsatuaroe ymcino 1.2 paccMaTpuBaercs Kak QQ: JECSITUYHBIE UKCNIA, KOTOPHIE TAKXKE SIBISIOTCS PalMOHABHBIMH,
MOTYT OBITh «IIPUBEAEHBI» K PAlMOHATLHBIM uKciaM. Yucna 7 u /2 ue sBnsiorcs PparMoHaTbHBIMU:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

JI.IISI HCITOJIb30BaHK B BBICIIIEN MaTeMaTHKeE Sage TAKXE MOXKET BbIIIOJIHATD OII€palii ¢ IPpYruMHr KOJIbIITaMH, KaK KOHEY-
HBIC I10JIA, p-aAUYCCKHUE YrCJlia, KOJIBIO anre6panl{ec1<1/1x qurcCeJ1, MOJIMHOMUAJIbHBIE KOJIbIIA U MATPUYHBIC KOJIbLIA. llanee
TMOKa3aHbl HEKOTOPBIC N3 HUX:

sage: GF (3)

Finite Field of size 3

sage: GF (27, 'a') # ecnu nose He NpOoCTOEe, HYXHO 3alaTh HMI IE€Heparopa
Finite Field in a of size 3”3

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqgrt (3) in QQbar # amrebpamnueckoe 3ameikakue Q0

True

2.8 JlnHenHas anre6bpa

Sage nmopepkUBaeT CTaHOAPTHBIE KOHCTPYKIMHU U3 JIMHEHHON aJIreOphl, Kak XapaKTepUCTUYECKHE MOJMHOMBI, CTYIIeH-
yatble (hOPMBI, CYMMBI JIEMEHTOB [TIABHOW JMAarOHAIM MaTPULIbI, Pa3JIOKEHUSI.

Co3znaBatb u TMEPEMHOXKATh MaTPUIIbI JIETKO:

sage: A = Matrix([[1,2,3],
sage: w = vector([1,1,-4])
sage: w*A

(0, 0, 0)

sage: A*w

(-9, 1, -2)

sage: kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

(3,2,11,101,1,11])
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Penienne MaTpHUHBIX ypaBHEHHH Tak:ke BBIIOJIHsIETCS O3 3aTpyAHEHUH, HCHIONb3yst MeToA solve_right. Beruucne-
HUe A.solve_right (Y) Bo3BpaTUT Marpuily (i Bektop) X Takoi, uto AX =Y

sage:
sage:
sage:
(=2, 1, 0)

sage: A * X # mposepka. ..
(0, -4, -1)

= vector ([0, -4, —-11)
A.solve_right (Y)

XX
II

Ecnu peliieHust He CyIIECTBYET, TO Sage BEPHET OIIHOKY:

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

HUcnounb3yiite A.solve_left (Y), uroOn Haitu X B X A = Y. Sage MOXeT HAXOAUTh COOCTBEHHOE YHCIIO U COO-
CTBEHHBIN BEKTOD:

sage: A = matrix([[O0, 4], [-1, 011)
sage: A.eigenvalues ()

[=2%L, 2%IL]

sage: B = matrix([[1, 31, [3, 111)
sage: B.eigenvectors_left ()

[(4, [

(1, 1)

1, L), (=2, [

(1, -1)

1, 1)1

(PesynmbraT eigenvectors_left - 3TO CIUCOK TpoeK: (COOCTBEHHOE YMCII0, COOCTBEHHBIN BEKTOP, MHOroo0pasue).)
CoOCTBEHHBIE YHC/Ia ¥ BEKTOPA Tt QQ MM RR TakKe MOTYT ObITh BHIYUCIIEHBI C TOMOIIbI0 Maxima (cM. Maxima).

Kax YKa3aHO B pa3jeje OcHoenvle KOabld, KOJIBIO, B KOTOPOM OIIpEJiCJIEHa MaTpullad, BJIMACT Ha HEKOTOPLIE €€ CBOWCTBA.
B crienyrolem npumepe nepBbiii apryMeHT KOMaH/Ipl mat rix coobiiaer Sage, 4ToObl MAaTpHUIla PACCMATPUBAJIACH KAk
MaTpHLA HEJIbIX Yrces (CIydail ¢ ZZ), KaK MaTpHIla palMOHAIBHBIX Yrcen (QQ) WM KaK MaTpHLa BEIECTBEHHBIX YHCE
(RR):

sage: AZ = matrix(zz, [[2,0]1, [0,111)
sage: AQ = matrix(QQ, [[2,0]1, [0,111)
sage: AR = matrix(RR, [[2,0], [0,1]11])
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()
[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

L7151 BBIUKMCIICHUS] COOCTBEHHbBIX 3HAYEHHUI M COOCTBEHHBIX BEKTOPOB MATPHIIL JEHCTBUTEILHBIX MJIM KOMIUIEKCHBIX YHCET
C IUIABAIOIIECH TOYKOM, MaTpuIla IOJUKHA ObITh ompezeneHa Haa RDE (Real Double Field) win CDF (Complex Double
Field), coorBercTBeHHo. Eciu KOMbIO HE yKa3aHO, U B MaTpUIle UCHOJIb3YIOTCS JACUCTBUTENbHbIE WU KOMIUIEKCHbIE
KOHCTaHTBI € IJIaBAIOLIEH TOUKOM, TO (110 YMOJYaHUIO) OHA ONpeiesieHa Hall He BCerna MoJIepKUBAIOIIMMU TaAKUE BbI-
quciaeHusd nojiaMu RR nin CC, COOTBETCTBEHHO:
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sage: ARDF = matrix(RDF, [[1.2, 2], [2, 311])

sage: ARDF.eigenvalues () # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 311])

sage: ACDF.eigenvectors_right () # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589..
—+ 0.2387941530333261*1)1, 1),

(3.3181543016706256 + 0.8209140653434133*T, [(0.14559469829270957 + 0.
—3756690858502104*T, 0.9152458258662108) 1, 1)]

2.8.1 MatpuyHoe NpoCTpaHCTBO

Cozaaaum mpocTpaHcTBo Mats . 5(Q), cocrosiinee U3 MaTpuil 3 X 3 ¢ 371eMEHTaMK U3 PALMOHAJIBHBIX YHCE:

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(st Toro, YTOOBI CO3/1aTh MPOCTPAHCTBO M3 MaTpuil 3 Ha 4, ucnosb3yite MatrixSpace (QQ, 3, 4). Eciu yuc-
JIO CTOJIOLIOB HE YKa3aHO, MO0 YMOJIYAHUIO OHO OyAeT paBHO 4MCly CTpok (MatrixSpace (QQ, 3) IKBHBAJIEHTHO
MatrixSpace (QQ, 3, 3).) MaTpuuHOe MPOCTPAHCTBO CHAOKEHO ero KAHOHUYECKON 0a301:

sage: B = M.basis()
sage: len (B)

9

sage: B[O0,1]

[0 1 0]

[0 O 0]

[0 0 0]

Cozpagum MaTpuly Kak 3JIEMEHT M.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]

]

[6 7 8

,IIa.nee TIOKa’XEM BBIYMCJICHUE MATpUll, OITPEACJICHHbIX B KOHECYHBIX MOJIAX!

sage: M = MatrixSpace (GF (2),4,38)

sage: A = M([Z1,1,0,0, 1,2,21,2, 0,1,0,0, 1,0,1,1,
e 0,0,1,0, 1,1,0,4, 0,0,1,4, d,1d,id,0])
sage: A

[1 100111 1]

[01 00101 1]

[0O0O1 0110 1]

[00 11111 0]

sage: rows = A.rows ()

sage: A.columns ()
(¢, o, o, 0, ¢, 1, 0, 0), (0, 0, 1, 1), (0, 0, 0, 1)

C03Ila)ll/IM NoAnpoCTpaHCTBO B F2, OXBATBIBAIOIIEE BBIICTICPEYNCTICHHBIE CTPOKH.
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sage: V = VectorSpace (GF (2),8)
sage: S V.subspace (rows)
sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2

Basis matrix:

[1 000010 0]
[01 00101 1]
[0O0O21 0110 1]
[0O0OO010011]
sage: A.echelon_form()
[1 00001 0 0]
[0O1 00101 1]
[0O0O1 0110 1]
[0O0OO0210011]

2.8.2 PaspexeHHas nMHenHas anrebpa

Sage nonep:kuBaeT pa3peKeHHYIO JIMHEHHYIO anredpy.

sage: M = MatrixSpace (QQ, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()

MyIbTIMOIY IbHBIN aJITOPUTM B Sage paboTaeT XOpOIIo [1s1 KBaIPAaTHBIX MaTPHUI] (HO HE TaK XOPOIIO JUIsT HEKBaAPATHBIX

MaTpuL):

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace (GF (2), 20, 40, sparse=True)
sage: A = M.random_element ()

sage: E = A.echelon_form()

3amertsTe, uTo B Python ncnosns3oBanue 3araBHbIX OyKB UTPAET poIib:

sage: M = MatrixSpace (QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ..._ _init__ () got an unexpected keyword argument

'Sparse’
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2.9 NMonuHoOMBI

,HaHHbIﬁ pas3acii COACPKUT I/IH(I)OpMaHI/IIO O TOM, KaK CO3J1aBaThb U UCIIOJIb30BATh IIOJIMHOMEI B Sage.

2.9.1 NonnHoMbl OAHOW NepeMeHHOoM

Ectb Tpu criocoba co3aaHust HOJMHOMHAIBHBIX KOJIEII.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

JlaHHbIA c10cO0 CO31ACT MOJMHOMMAIIBHOE KOJBIIO U YKAKeT Sage UCIOIb30BaTh CTPOKY ,,t“ B KAUeCTBE HEU3BECTHOIO
MY BBIBOJIE Ha 9KpaH. OIHAKO, 3TO HE ONpesieNIsieT CHUMBOJI t ISl MICIIONB30BaHUS B Sage, TaK YTO HEeJb3s IIPH IOMOIIN
HEero BBECTH IOJIMHOM (KakK 2+ 1), npuHaanexamuii R.

Ipyro¥i crioco6:

sage: S = QQ['t']
sage: S == R
True

ITOT CrIOCOO UMEET Ty XKe MPOOJIEMY 110 OTHOLIEHHIO K t.

Tpetuii criocod Gosiee yaoOHbINA

[sage: R.<t> = PolynomialRing (QQ)

nJIn

[sage: R.<t> = QQ['t"']

WJIn Jaxe

[sage: R.<t> = QQ[]

10T crocob BiieyeT 3a coOol 0ObsBIEHNE IEPEMEHHON t KaK HEU3BECTHOIO B MOJIMHOMUATIBHOM KOJIBLIE TAK, YTO €€
MOXKHO HCIIOJIb30BaTh IIPH CO3JJaHUM JIEMEHTOB R, KaK OIMcaHo Hke. (3aMeTbTe, YTO TPETHH CIIOCO0 TTOX0X Ha 000-
3HaYeHHe KOHCTpyKTopa B Magma, H, kak B Magma, OH MOXeT OBbITh UCIIOJIb30BaH VIS LIMPOKOTo Habopa 0OBEKTOB. )

sage: poly = (t+1) * (t+2); poly
tr2 + 3*t + 2

sage: poly in R

True

Kakoit GBI CrIoco6 HY MCTIONB30BaICA JUTSA 3a1aHUs TIOTMHOMHUABHOTO KOJIbIIA, MOXKHO BHWISHHTh HEM3BECTHOE B BHJIE
0" remepatopa:

sage: R = PolynomialRing(QQ, 't"'")
sage: t = R.0

sage: t in R

True

IToxoxast KOHCTPYKIHMA UCTIONIB3YETCA IJI KOMINUIEKCHBIX YMUCEJI: KOMIUIEKCHBIE YUCIa MOT'YT OBITD PaccCMOTpPEHBI KaK
TE€HEPUPOBAHHBIC U3 BEIIECTBEHHBIX YHCEJI C UCITIOJIb30BAHUEM CUMBOJIA i; U3 3TOrO CJIEAYET:

2.9. MNMonnHombl 31



Sage Tutorial in Russian, Bbeinyck 10.4

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0O-o; remeparop CC
1.00000000000000*T

)1}15[ TNMOJIMHOMUAJIBHBIX KOJIEH MOJKHO IMOJYYUTb U KOJIBIIO, U €I0 TEHEPATOP, UK IIPOCTO I'€HEPATOP BO BPEMS CO3AaHUA
KOJIbLIA:

sage: R, t = QQ['t"'].objgen()
sage: t = Qo['t"].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t"'])

HakoHel1, MOXHO COBEpIIIUTH HEKOTOpBIE aprdMeTudecKkue onpeparuu B Q[t].

sage: R, t = QQ['t"'].objgen()

sage: f = 2*t"7 + 3*t"2 - 15/19

sage: f"2

4*£~14 + 12*t79 - 60/19*t~7 + 9*t~4 - 90/19*t”*2 + 225/361

sage: cyclo = R.cyclotomic_polynomial (7); cyclo

t?"6 + t"5 + £t 4+ £33 + 72 + t + 1

sage: g = 7 * cyclo * t75 * (£75 + 10*t + 2)

sage: g

7*trMl6 + 7*t~15 + T7*FenM14 + 7FeN13 + 77 eN12 + 91*t~11 + 91*t~10 + 84+t 9
+ 84*t™8 + 84*t”7 + 84*t”6 + 14*t"5

sage: F = factor(g); F

(7) * €75 * (£°5 4+ 10*t + 2) * ("6 + t"5 + t™4 + 73 + t"2 + t + 1)

sage: F.unit ()

-

sage: list (F)

[(t, 5), (£t~5 + 10*t + 2, 1), (t*6 + t*5 + t™4 + t"°3 + t*2 + t + 1, 1)]

HCHCHI/IC ABYX INOJIMHOMOB CO34aCT 9JIEMEHT B leO6HOM I10JI€, 4YTO 6y}IeT CIOCJIaHO Sage ABTOMATUYCCKU.

sage: x QQ['x"'1.0

sage: f x*"3 + 1; g = x"2 - 17

sage: h = f/g; h

(x*3 + 1)/ (x*2 = 17)

sage: h.parent ()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

HUcnonb3yst psigpl JIopaHa, MOXKXHO NMOCUUTATE PA3NIOKEHHE B Psif B APOOHOM mone QQ [ x ] :

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/(1-x) + O(x"10)

1 4+ x + x"2 + x"3 + x™ + x*5 + x*6 + x*7 + x*8 + x*9 + 0(x710)

Ecnu na3zBath NEPEMEHHYIO O-APYTrOMY, MOKHO MOJYUUTb APYro€ OJHOMEPHOE IMOJIUHOMUAIBHOE KOJIBLIO.

sage: R.<x> = PolynomialRing (QQ)
sage: S.<y> = PolynomialRing (QQ)

sage: x ==y
False

sage: R == S
False

sage: R(y)

(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

X
sage: R(y"2 - 17)
x"2 = 17

KOJ’ILHO OIIpeaLIACTCSA HCpCMeHHOﬁ. O6paTI/ITC BHUMAHHUE, YTO CO3JaHUC €H1é OJJHOI'O KOJIb1Ia C HepeMeHHOfI X HE BEpHET
APYyroro KoJbla.

sage: R = PolynomialRing (QQ, "x")
sage: T = PolynomialRing(QQ, "x")

sage: R == T
True

sage: R is T
True

sage: R.0 == T.0
True

Sage noaepKUBaET KOJIbLIA CTEIIEHHBIX PsIOB U psizioB Jlopana juist mo6oro 6a3ucHOro Koublia. B ciienymomem npumepe
coznaaum semenT u3 F7[[T]] u nogenum, utobsl cozaars anement u3 F7 (7).

sage: R.<T> = PowerSeriesRing(GF (7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T"2 + T"3 + O(T"4)

sage: f£"3
T"3 + 2*T"4 + 2*T"5 + O(T"6)
sage: 1/f

T*~1 + 4 + T + O(T"2)
sage: parent (1/f)
Laurent Series Ring in T over Finite Field of size 7

Takke MOXHO CO3JaBaTh KOJIbLIA CTETIEHHBIX PSJIOB, UCTIONB3YsI JIBOHBIE CKOOKH:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

2.9.2 NMonnHOMbI HECKONIbKUX NepeMeHHbIX

,HIIH pa60T]>I C NIOJIMHOMaMHU € HECKOJIbKMMHU IIEPEMCHHBIMUA, CHA4YaJ1a Ha10 00BSABUTH MTOJTMHOMHAIBLHOE KOJIbLIO U Mepe-
MCHHBIC.

sage: R = PolynomialRing(GF (5),3,"z") # 3mecb 3 — 5TO YHCIO HEPEMEHHEIX
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

Tak K€, Kak U IJI1 OTHOMEPHBIX IMOJIMHOMOB, CYIIECTBYET HECKOJIbKO nyTeﬁ:

sage: GF(5)['z0, zl1, z2']

Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

YroObI IMEHa MEPEMEHHBIX COCTOSIN U3 6yKB, HaJ0 UCHOJIb30BaTh CIIEAYIOIIEE:

sage: PolynomialRing (GF (5), 'x, vy, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5
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Hewmnoro apudmernku:

sage: z = GF(5)['z0, z1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[l]+z[2])"2

ZIOI2I R 2 Z O Z B Z SR P Z O ZI 2 X 7 RS 71D i 2D

MoHO MCIOJIb30BaTh 00Jiee MaTEMaTHUECKOE 0603Ha‘{eHI/IC, YTOOBI MOCTPOUTH IMOJIMHOMUAJIBHOE KOJIBLIO.

sage: R = GF(5)['x,y,z"]

sage: Xx,y,z = R.gens|()

sage: QQ['x"]

Univariate Polynomial Ring in x over Rational Field

sage: Q0['x,y'].gens ()

(x, vy)

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

MsuoromepHbIe TTOJTMHOMBI BHEAPEHHI B Sage ¢ UCIoJib30BaHMeM cioBapeli Python. Sage ncrons3yer Singular [Si] s
Boiunciiennii HOJL u Gasuca ['péOHepa uneanos.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
sage: f = (x"3 + 2*y"2*x)"2

sage: g = x"2*y"2

sage: f.gcd(qg)

xX"2

Cospanum upean ( f, g), renepupoBatHbiii u3 f U f ymHO)eHueMm (f, g) Ha R.

sage: I = (f, g)*R; I

Ideal (x76 + 4*x"4*yr2 + 4*x"2*y~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x76, x"2*y"2]

sage: x"2 in I

False

Kcratu, 6a3uc I'pEOHepa ABgeTCs He CIIUCKOM, a HEU3MEHAEeMOM II0CIIeJ0BAaTeIbHOCTBI0. DTO 03HAYaeT, YTO Y HErO eCTh
YHUBEPCYM, POAUTENb M YTO OH HE MOXET ObITh M3MEHEH (YTO XOpOIIO, MOCKOJIBKY M3MEHeHHe 6a3uca HapyImiIo Obl
Jpyrue oreparuu, ucrosb3yomue 6a3uc ['pédHepa).

sage: B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1l] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hekoropast komMmyTaTrBHas anredpa JocTynHa B Sage 1 BHepeHa ¢ nomouibio Singular. K npumepy, MoXHO ocunTaTh
MPUMapHOE Pa3JioKeHHe U IPOCThle COOTBETCTBYIONINE A1s [:

sage: I.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes ()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]
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2.10 KoHeuHble rpynnbl, AGeneBbl rpynnbl

Sage nmojiepkUBaeT BEIYUCIICHNS C TPYINAMH MEPECTAHOBOK, KOHEYHBIMH KJIACCUYECKUMU IpyMIaMy (Kak, HarpuMep,
SU(n, q)), KOHEYHBIMHA MATPUYHBIMK rpynnaMu (¢ COOCTBEHHBIMHU IeHepaTopamu) U rpymmamu Abesst (qaxe ¢ 6ecko-
HEeYHBIMHU). MHOTOe 13 3TOro OCyIIecTBIAeTCs mocpeacTBoM unTepdeiica k GAP.

Hanpumep, 4T0ObI IOCTPOUTH IPYIIITY NEPECTAHOBOK, HAJIO 3a]JaTh CITUCOK I€HEPATOPOB:

sage: G = PermutationGroup(['(1,2,3) (4,5)", '"(3,4)'])
sage: G

Permutation Group with generators [(3,4), (1,2,3) (4,5)]
sage: G.order ()

120

sage: G.is_abelian()

False

sage: G.derived_series() # random output
[Permutation Group with generators [(1,2,3) (4,5), (3,4)]1,

Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)]1]
sage: G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.random_element () # random output

(1,5,3) (2,4)

sage: print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle

Takke MOXHO MOJTyYUTh CUMBOJIbHYIO Tabsuily B ¢opmate LaTeX:

sage: G = PermutationGroup([[(1,2), (3,4)]1, [(1,2,3)11)
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

161 &1 & 1 \\

1 & —\zeta_{3} - 1 & \zeta_ {3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0¢&0 & -1

\end{array}\right)

Sage Takxke BKIOYaeT B ceOsl KJIACCHUECKUE ¥ MaTPUYHbIE IPYIIITBI U1l KOHEUHbIX MOJISH:

sage: MS = MatrixSpace (GF(7), 2)

sage: gens = [MS([[1,0],[-1,11]),MS([[1,11,([0,111)]1

sage: G = MatrixGroup (gens)

sage: G.conjugacy_classes_representatives ()

(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
(o 11, 12 s1, (5 51, (0 61, (1 21, [5 21, [1 O], [1 4], [1 3], [O 27,

[5 0]
[0 3]
)
sage: G = Sp(4,GF (7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[5 55 1]

[0 2 6 3]

[5 01 0]

(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
[4 6 3 4]
sage: G.order ()
276595200

Tax:ke MOXHO MMPOU3BOAUTDL BbIYUCJIEHUA C I'PYIIIIaMn Abens (KOHC‘{HLIMI/I u 6€CKOH€‘~IHI>IMI/I)I

sage: F = AbelianGroup (5, [5,5,7,8,9], names='abcde')

sage: (a, b, ¢, d, e) = F.gens|()
sage: d * b**2 * c**3
92w @ 3%el

sage: F = AbelianGroup (3, [2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H

Multiplicative Abelian group isomorphic to C2 x C3

sage: AbelianGroup (5)

Multiplicative Abelian group isomorphic to Z x Z x Z x Z X Z
sage: AbelianGroup (5) .order ()

+Infinity

2.11 Teopwus uucen

Sage nmeet 0O1IMPHYIO (DYHKIIMOHAIBHOCTH B TUIAHE TeOpUH uncest. HanprmMep, MOXHO POU3BOAUTH apudpMeTHYeCKIe
onepauuu B Z/NZ:

sage: R = IntegerModRing (97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction ()
2/3

sage: b = R(47)
sage: b"20052005

50

sage: b.modulus ()
97

sage: b.is_square ()
True

Sage conepxuT cranaapTHble (pyHKIMK Teopun umcest. Hanprumep,

sage: gcd(515,2005)

5

sage: factor (2005)

5 * 401

sage: c = factorial (25); c

15511210043330985984000000
sage: [valuation(c,p) for p in prime_range (2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]
sage: next_prime (2005)
2011
sage: previous_prime (2005)
2003
sage: divisors (28); sum(divisors(28)); 2*28
(1, 2, 4, 7, 14, 28]
(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

56
56

OTinyHO!

Oynkima sigma (n, k) B Sage cymmupyer k-e cTerneHu JeJuTeNei n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

Janee nokaxeM alroputM DBKINIA, ¢-(QYHKLHMIO Diiiepa ¥ KUTalCKyI0 TeopeMy 00 OCTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == u*1l2 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors (n)

[5, 401]

sage: phi = n*prod([l1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi (n)

1600

sage: prime_to_m_part (n, 5)
401

Ysacuum koe-urto g 3n + 1.

sage: n = 2005

sage: for i in range(1000) :
e n = 3*odd_part (n) + 1
e if odd_part (n)==
et print (i)

e break

Kwuraiickas Teopema 00 ocraTkax:

sage: x = crt(2, 1, 3, 5); x
11

sage: x $ 3 # x mod 3 = 2

2

sage: x $ 5 # x mod 5 = 1

1

sage: [binomial (13,m) for m in range (14)]
(1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial (13,m)%2 for m in range(14)]
4, 4, 0, ©, 4, 1, 0, ©, 1, i1, ©, ©, i, 4]
sage: [kronecker(m,13) for m in range(1,13)]
i, =1, 4, 4, =i, =1, =4, =i, 1, 1, =i, i]J
sage: n = 10000; sum([moebius(m) for m in range(l,n)])
-23
(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

sage: Partitions (4) .list ()
(r4y, 3, 11, 2, 21, 12, 1, 11, (1, 1, 1, 111

2.11.1 p—apnuyeckue unucna

ITone P-adAYECKUX YMCEJI pEAJIN30BAHO B Sage. OGpaTI/ITe BHHUMAHHE: KaK TOJIBKO I10JIE€ p-aANYECKUX YUCEJI CO3JaHO, €TO
TOYHOCTb HE MOKET ObITh U3MEHEHA.

sage: K = Qp(11); K

l1l-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4*11 + 1172 + 7*1173 + 9*1175 + 5*1176 + 4*11°7 + 8*11"8 + 7*11"9
+ 9*11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11"16
+ 3*11717 + 11718 + 7*11719 + 0(11720)

sage: b = K(3211/11"2); b

10*11%-2 + 5*11~-1 + 4 + 2*11 + 0(11~18)

BospIoe KoamuecTBo MeToJJOB BCTpoeHo Jyis kiacca NumberField.

sage: R.<x> = PolynomialRing (QQ)

sage: K = NumberField(x"3 + x"2 - 2*x + 8, 'a')
sage: K.integral_basis()

[1, 1/2*a”2 + 1/2*a, a"2]

sage: K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

sage: K.polynomial gquotient_ring/()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

sage: K.units ()

(=3%*a*2 = iI3*a = i13,)

sage: K.discriminant ()

-503

sage: K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x*3 + x"2 - 2*x + 8

sage: K.class_number ()

1

2.12 HeMHOro BbicLLen MaTeMaTUKm

2.12.1 Anrebpanuyeckas reomeTpus

Sage IO3BOJIACT CO3JaBaThb J00ObIe anre6pa1/1quKI/Ie MHOFOO6pa3I/IH, HO HMHOTrJa q)yHKHI/IOHaHLHOCTb OI'paHUYIUBACTCH
KOJIbLIaMH Q WM KOHCYHBIMU ITOJIAAMU. HaHpI/IMep, Haﬁ,[[eM O6T>C,HI/IH€HI/IC ABYX INIOCKHUX KPHUBBIX, 4 3dTEM BbIYJICHUM
KPHUBBIE KaK HECOKPATUMBIE COCTABJIAIONINE O6"b€,III/IH€HI/IH.

sage: x, y = AffineSpace(2, QQ, 'xy').gens()
sage: C2 = Curve(x"2 + y"2 - 1)
(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: C3 = Curve(x"3 + y*3 - 1)
sage: D = C2 + C3
sage: D
Affine Plane Curve over Rational Field defined by
x"5 4+ x"3*y*2 + x"2*y*3 + y*"5 - x*"3 - y"3 - x"2 - y"2 + 1
sage: D.irreducible_components ()
[
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + yr2 - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 + y*3 - 1

Tax:ke MOXHO HAUTH BCE TOYKU nepeceucHus IByX KpUBbIX.

sage: V = C2.intersection(C3)

sage: V.irreducible_components ()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y
x = 4,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
xl

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
R o+ Y F 2y
2*y"2 + 4*y + 3

Takum o6pasom Touku (1,0) u (0, 1) HaxoaATCA HA 06ENX KPUBBIX, 2 KOOPAMHATH TI0 OCH ¥/ yOBIETBOPSIOT (pyHKIMHI
2y% +4y +3=0.

Sage MOKeT BBIYUCIUTh TOPOUJAIBHBIN Ueasl HETUIOCKOW KPUBOM TPETHEro MopsiaKa:

sage: R.<a,b,c,d> = PolynomialRing (QQ, 4)

sage: I ideal (b"2-a*c, c¢c"2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b*"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b"2 + a*c],

[-b*c + a*d, -c¢c”2 + b*d, b"2 - a*c],

[-¢*3 + a*d*2, -c¢*2 + b*d, b*c - a*d, b2 - a*c],
[-c*2 + b*d, b*"2 - a*c, b*c - a*d, c¢"3 - a*d"2],
[-b*c + a*d, -b"2 + a*c, c¢c”2 - b*d],

[-b~3 + a*2*d, -b*2 + a*ec, c¢*2 - b*d, b*c - a*d],
[-b*2 + a*c, c¢c”2 - b*d, b*c - a*d, b"3 - a*2*d],

[c"2 = b*d, b*c - a*d, b"2 - a*c]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4
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2.12.2 dnnuntuyeckKkne Kpumsblie

DYHKIMOHAJILHOCTD SJUIMIITUYECKUX KPUBBIX BKJIIOYAET B ceOsi Gouibliyio yacTh yHKIpoHambHOCTH PARI, nocryn
nHpopManuy B oHlaiH Tabmiax Cremona (4to TpeOyeT JOMOJHUTENBHBIA MakeT 6a3 JaHHBIX), (PYHKIMOHAIBHOCTD
mwrank, anroputMm SEA, BelYMCIIeHHE BCEX M30T€HHMI, MHOTO HOBOTO Koza Ui Q M HEKOTOpyo (PyHKIMOHAIBHOCTD
nporpamMmuoro odecrieuenusi Denis Simon.

Komanga E11ipticCurve s CO3AaHUS UIMNTUISCKUX KPUBBIX UMEET MHOTO (DOPM:

* EllipticCurve([a1, a2, as, a4, ag]): Bo3BpaTuT 3/UIMOTUYECKYIO KPUBYIO

y? + a1y + asy = 2° + axx” + asx + ag,

* EllipticCurve([ay, ag]): To *ke, uTo U BblIlIe, HO a1 = ag = a3 = 0.

« EllipticCurve(label): BepHer syumuntudeckyio KpuByio 13 6a3bl faHHbix Cremona ¢ 3alaHHbIM stpJibikom Cremona.
SpabIk - 3TO cTpOKa, HarpuMep, "11a" or "37b2".

¢ EllipticCurve(j): BepHeT /1TMITHYECKYIO KPUBYIO C MHBAPUAHTOH j.

* EllipticCurve(R, [a1, as, as, a4, ag]): Co3aacT MIUNTUYECKYIO KPUBYIO U3 KOJIblIa R C 3aJaHHBIMU a; ‘MU, Kak
OBLIO YKA3aHO BHIIIIE.

Hcronp3oBanue KaXXZI0ro KOHCTPYKTOpa:

sage: EllipticCurve([0,0,1,-1,01)
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve ([GF(5) (0),0,1,-1,01)

Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5
sage: EllipticCurve([1,2])

Elliptic Curve defined by y"2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a'")
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve_from_j (1)
Elliptic Curve defined by y"2 + x*y = x”3 + 36*x + 3455 over Rational Field

sage: EllipticCurve (GF (5), [0,0,1,-1,0])
Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5

[Mapa (0, 0) - 3T0 TOYKa Ha UTMIITUYECKON KPUBOH E, 3aianHoi dyHkimeit y2 +y = x° — x. Jlis co3nanus 1o Touku

B Sage Harevaraiite E ([0, 0]) . Sage MoxeT J06aBUTh TOUKH Ha TaKyI0 SJUIMITUYECKYIO KPUBYIO:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E

Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1 : 0 : 1)

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)
sage: E.conductor ()

37
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DIIMNTHYECKUE KPUBbIE U151 KOMIUIEKCHBIX YMCEIT 33aI0TCsI IapaMeTpaMy MHBAPUAHTHI j. Sage BHIYUCIUT UHBAPUAHTY
VE

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: E.conductor ()

2368
sage: E.j_invariant ()
110592/37

Eciu Mbl cO37aIMM KPUBYIO C TOU e UHBAPUAHTOH j, Kak 1jis F/, oHa He NoykHa ObITh n3oMopduoii F. B crenyomem
MprUMepe KpUBbIe He N30MOP(HBI, TaK KaK MX KOHIYKTOPBI PA3JIMYHBL.

sage: F = EllipticCurve_from_3j(110592/37)
sage: F.conductor ()
37

OpnHako kpyueHue F' Ha 2 nacT m30MOpP(hHYI0 KPUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: G.conductor ()

2368
sage: G.j_invariant ()
110592/37

MoxHo nocuutath Ko3(hPUIMEHTH! a,, psga L i MogyasipHoi hopMbl ZZQ:O anq", IPUKPETUIEHHO! K JUIAINITHYE-
CKo# KpuBOU. J[laHHOE BbIUKCIICHUE UCTIONb3yeT Oubanoreky PARI:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E.anlist (30)

(o, 2, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, =1, 4, =9, =2, 6, =12]

sage: v = E.anlist (10000)

3aiiMeT UMb CeKYHIY [UISI OACYETa BCEX Ay, I N < 105:

sage: %time v = E.anlist (100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DIUTAIITHYSCKIE KPHBBIC MOT'YT OBITh TOCTPOCHBI C TOMOLIBIO UX APJILIKOB Cremona.

sage: E = EllipticCurve ("37b2")

sage: E

Elliptic Curve defined by y*"2 + yv = x*3 + x”2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve ("389a")

sage: E

Elliptic Curve defined by y"2 + y = x*3 + x"2 - 2*x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve ("5077a")

sage: E.rank()

3

Takke ecTb gocTyn K 6a3e qaHHbIX Cremona.
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sage: db = sage.databases.cremona.CremonaDatabase ()
sage: db.curves (37)
{'at': ([0, O, 1, -1, O], %1, 1], 'b1': [[O, 1, 1, -23, -50], O, 31}

sage: db.allcurves (37)

{'al': [[0, O, 1, -1, 01, 1, 11,
'b1': [[0, 1, 1, -23, -50], 0, 3],
'pb2': [[0, 1, 1, -1873, -31833]1, 0, 1],
'p3': [[0, 1, 1, -3, 1], O, 31}

OOBeKTHl, BO3BpAIlleHHbIe M3 0a3bl JaHHBIX, He MPUHAUIeKAT TiIy E11ipticCurve. D10 3jIeMEeHTH 0a3bl JaHHBIX,
numMemonme napy nojeil. CymiectByer Manasi Bepcusi 6aspl JaHHBIX Cremona, KOTOpasi €CTh 110 YMOJIYaHHIO B Sage u
COACPKUT OrpPaHUYEHHYI0 MH(OPMALIMIO O JUTMITHYECKIX KPHUBHIX ¢ KoHAYKTOopoM < 10000. Takxe cyiiecTByeT J1o0-
TIOJIHUTEIbHAsI OOJIbILIAsT BEPCHUSI, KOTOPAsi COACPIKUT UCUEPIIBIBAIOILYI0 MH(POPMALIUIO O BCEX KPUBBIX C KOHIYKTOPOM JIO
120000 (OxTs16ps 2005). Erme oauu poronautesbHbN nakeT (2GB) st Sage copepKUT COTHN MIJUTIOHOB 3JUTMIITHYE-
CKMX KpHBBIX B 0a3e maHHBIX Stein-Watkins.

2.12.3 Cumsonbl Oupuxne

Cumeon upuxae - 310 pactunperne romomopdusma (Z/NZ)* — R* ans komsiia Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |-—-> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |[-—> -1, 5 |-—> -1]
sage: G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[-—> -1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |-—> -1)
sage: len (G)

4

COSI[aB rpYIILYy, Hy’)KHO CO3aThb JIEMEHT U C €ro NIOMOUIbIO TOCYUTATDb.

sage: G = DirichletGroup (21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab

sage: chi.values()

[0, 1, zeta6 - 1, 0, -zeta6, —-zeta6 + 1, 0, O, 1, 0, zeta6, -zetao, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, —-zeta6 + 1, -1]

sage: chi.conductor ()

7
sage: chi.modulus ()
21

sage: chi.order ()

6

sage: chi (19)
-zetab + 1

sage: chi (40)
-zetab + 1

Takxe BO3MOXHO nocuntats aercrsue rpymist Fanya Gal(Q((xn)/Q) Ha 9TH CUMBOJIBL

sage: chi.galois_orbit ()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |--> -zetab + 1,
(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |-—-> zetab]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
tx, 2, 2, 1, 1, 2, 2, 1]

sage: G.decomposition ()

[

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—degree 2

]

Janee HaO MOCTPOMTH TpyIiTy cuMBoJIoB [uprxiie mo Moaymo 20, Ho co 3HayeHusmu ¢ Q(7):

sage: K.<i> = NumberField (x"2+1)

sage: G = DirichletGroup (20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.
—defining polynomial x"2 + 1

Ter[epb TMOCYUTAEM HECKOJIbKO MHBAPUAHT G:

sage: G.gens ()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |-—> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |-—-> 1)

sage: G.unit_gens()
(11, 17)

sage: G.zetal()

i

sage: G.zeta_order ()
4

B manHoM npumepe, cuMBOIIBI Mpuxiie CO3AAIOTCS CO 3HAUYEHUSIMU B UKCIIOBOM I10JI€, SIBHO 3aJ1a€TCsI BHIOOP KOpPHS
00BbeIMHEHNS TPETHHM aprymeHToM DirichletGroup.

sage: x = polygen(QQ, 'x'")
sage: K = NumberField(x"4 + 1, 'a'); a = K.0

sage: b = K.gen(); a ==
True
sage: K

Number Field in a with defining polynomial x*4 + 1

sage: G = DirichletGroup (5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x"4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a”2

sage: [(chi”i) (2) for i in range (4)]

[1, a*2, -1, -a"2]

3neck NumberField (x4 + 1, 'a') roBopur Sage UCHOJIb30BAaTh CUMBOJI «a» [UIs MIeYaTy TOTrO, YeM SIBJISIETCS
K (44CI0BOE MOJIE C ONPEEIIIOIUM OJTMHOMOM xt + 1). Ha3BaHue «a» He 0OBSIBJIEHO Ha JaHHBIM MoMeHT. Korma a
= K.O (3kBUBajieHTHO a = K.gen ()) 6y,ueT OLIEHEHO, CUMBOJI «a» MPEACTABJISIET KOPEHb IOJIMHOMA zt + 1.
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2.12.4 MopaynsipHbie oOpMbli
Sage MOJKET BbIITOJIHATH BBIYMCIICHUSA, CBA3AHHBIE C MOAYJIAPHBIMHA Q)OpMaMI/I, BKJIIOYasA UBMEPEHN A, BbIYUCIICHUE MOY-
JIAPHBIX CUMBOJIOB, OIIEPATOPOB I'ekke u Ppas3JIoKEHUA.

Cy1mecTByeT HECKOJIBKO HOCTYITHBIX (DYHKIIMI JUTsl BBIYMCIICHNSI M3MEPEHHI TPOCTPaHCTB MOAYISIpHBIX hopM. Hanpu-
Mmep,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms (GammaO (11),2)

1

sage: dimension_cusp_forms (GammaO (1),12)
1

sage: dimension_cusp_forms (Gammal (389),2)
6112

Jlanee TMOKa3aHbl BLIYUCJIEHUA OIIEPATOPOB I'ekke B IMPOCTPAHCTBE MOAYJIAPHBLIX CUMBOJIOB YPOBHS 1 uBeca 12.

sage: M = ModularSymbols (1,12)

sage: M.basis ()

([X~8*Y"*2, (0,0)], [X*9*Y, (0,0)], [X~10, (0,0)1])

sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field

sage: t2.matrix()

[ —24 0 0]
[ 0 -24 0]
[4860 0 2049]

sage: f = t2.charpoly('x'"); £

X3 = 2001*x72 - 97776*x - 1180224
sage: factor (f)

(x — 2049) * (x + 24)"2

sage: M.T(11) .charpoly('x"').factor()
(x — 285311670612) * (x — 534612)"2

Takke MOKHO co3zaBaTh npoctpancto 1ist Lo(N) u T'1 (N).

sage: ModularSymbols (11, 2)

Modular Symbols space of dimension 3 for Gamma_0(11l) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols (Gammal (11),2)

Modular Symbols space of dimension 11 for Gamma_1(11l) of weight 2 with

sign 0 over Rational Field

Boruncium HEKOTOPLIE XaPAKTEPUCTUYCCKHUE TOJIMHOMBI U ¢-Pa3JIOKECHUA.

sage: M = ModularSymbols (Gammal (11),2)
sage: M.T(2) .charpoly('x")
x"11 - 8*x710 + 20*x"9 + 10*x"8 — 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4
+ 70*x73 — 515*x72 + 1804*x - 1452
sage: M.T(2) .charpoly('x").factor ()
(x = 3) * (x + 2)"2 * (x4 - 7*x"3 + 19*x"2 - 23*x + 11)
* (xM - 2*x7"3 + 4*x7"2 + 2*x + 11)

sage: S = M.cuspidal_submodule ()
sage: S.T(2) .matrix()

[-2 0]

[ 0 -2]

(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

sage: S.g_expansion_basis (10)
[
qg - 2*g”2 - 9”3 + 2*g*4 + g*5 + 2*g"6 - 2*q"7 - 2*g"9 + 0(g”10)

Taxoke BO3MOKHBI BEIYMCIIEHHSI IPOCTPAHCTB MOIYJISIPHBIX CHMBOJIOB ¢ OyKBaMU.

sage: G DirichletGroup (13)

sage: e = G.0"2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

[zetab6], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2) .charpoly('x").factor ()

(x — zeta6 - 2) * (x — 2*zetaob - 1) * (x + zeta6 + 1)"2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2) .charpoly('x").factor ()

(x + zetab + 1)"2

sage: S.g_expansion_basis (10)

[

g t+ (-zeta6 — 1)*g"2 + (2*zeta6b - 2)*g”"3 + zetab*g™4 + (-2*zetab + 1)*g">5>
+ (-2*zetab + 4)*g"6 + (2*zetab - 1)*g"8 - zetab6*g”"9 + 0(g”10)

]

ITpumep Toro, Kak Sage MOXET BBIYMCIISTH ACHCTBHUS onepaTopoB [ ekKke Ha MpOCTPaHCTBO MOAYJISIPHBIX (POPM.

sage: T = ModularForms (GammaO (11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

sage: T.degree ()

2

sage: T.level()

11

sage: T.group ()

Congruence Subgroup GammaO (11)

sage: T.dimension ()

2

sage: T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: M = ModularSymbols (11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight ()

2

sage: M.basis ()

((1,0), (1,8), (1,9))

sage: M.sign ()

0

Homnyctum, T}, — 370 00bIuHbIA onepaTop I'ekke (p npoctoe). Kak onepatopsl I'ekke T3, T3, T BeayT ce0s B IpoCTpaH-
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CTBE MOJYJISIPHBIX CUMBOJIOB?

sage: M.T(2) .matrix ()

[ 3 0 -1]
[ 0 -2 0]
[ 0 0 -2]

sage: M.T(3) .matrix()
[ 4 0 -1]

[ 0 -1 0]
[ 0O 0 —-1]
sage: M.T(5) .matrix()
[ 6 0 -1]
[ 0O 1 0]
[ O 0 1]
46
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FMABA 3

NHTepakTmBHas obonoyka

IMourtn Bcerna B 3TOM PYKOBOJCTBE MBI ITpeAIosaraeM, YTo HHTepIpeTaTop Sage ObUI 3arylleH KOMaHaol sage. OHa
3aIyCTUT CrIennajIbHyIo Bepcuio KoHcomu [Python m mMmoprupyer MHOeCTBO (hyHKIIMI M KJIaccOB, TAK YTO OHU T0O-
TOBBI /ISl MICTIOJIB30BAHUSI B KOMAHAHOW CTpoKe. Bojee TOHKasi HaCTpOMKa MpPOW3BOIUTCS peJaKTHpOBaHHEM (paiiia
$SAGE_ROOT/ipythonrc. [Ipu 3anycke Sage Bbl yBUIUTE BBIBO, IOXOKHIA Ha CJI€YIOTITHIA:

T

| SsageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help()" for help.
|

sage:

YroOw! BeiiiTt U3 Sage, Haxmute Ctrl-D wnu BBeauTe quit wim exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

Wall time — 370 mpomeniee BpeMs. DT0O 3HaUCHUE BepHO, NOToMy Kak B «CPU time» He BXOIUT BpeMsi, UCIOJIb30-
BaHHOe cybnponeccamu Bpoge GAP nm Singular.

(TTocrapaiiTech He yOuBaTh Iporiecc Sage kKoMaHIon kill —9 U3 TepMHUHANIA, TIOTOMY YTO Sage MOKeT He YOUTh 1o4dep-
HME MTPOLIECCHl, TakKe Kak Maple, Wil MOXET He OUMCTUTh BpeMeHHbIe (haiiibl U3 AupekTopun $SHOME / . sage/tmp.)

3.1 Bawa ceccusa Sage

Ceccust — 3T0 NOCJIEA0BATEIBHOCTD BBOAOB U BBIBOJOB HAUMHAS C 3aITyCKa MPOrpaMMBbI U 3aKaHYKBas BHIXOIOM U3 Hee.
Sage 3aHOCHT BCIO NCTOPHIO BBOJOB B log-chaiin, ucnons3yst IPython. Ecim BB nctions3yeTe HHTEpaKTUBHYIO 000JI0UKY
(ue BeG-untepdeiic Notebook), To Bb MOxeTe BBeCTH $hist, 4TOObI BHIBECTH CIHMCOK BCEX BBEJEHHBIX KOMaH[. Bb
MOXeTe BBECTH ? B KOMaH/HOH CTpoke Sage, 4ToObl MoayuuTh 0osibiie uHpopmanuu o IPython, Hanpumep, «IPython
MIPEAOCTaBIAET IPOHYMEPOBaHHBIE KOMaHJHbIE CTPOKH. .. C KEIIMPOBAaHHEM BBOJA M BHIBOZA. Bce BBeAeHHbIE JaHHbIE
COXPaHSIOTCSI ¥ MOTYT OBITh MCIIOJIb30BaHBI Kak MepeMeHHbIe (ITOMUMO OOBIYHOT'O BBI30Ba C OMOIIBIO CTpesiok). Crexny-
Io1Me oOaIbHBIE IEPEMEHHBIE ITPUCYTCTBYIOT BCeraa (He NepesanyrchiBaiTe ux!)»:
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previous input (interactive shell and notebook)
next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

IIpumep:

sage: factor (100)

_1 =272 * 572

sage: kronecker_symbol (3,5)
2 = -1

sage: %hist # PaforaeT TONbKO B HHTEPAKTHUBHOH obonouke, HO He B Sage notebook.
1: factor (100)

2: kronecker_symbol (3, 5)

3: %hist

sage: _oh

_4 = {1: 272 * 572, 2: -1}
sage: _i1l

5 = '"factor(zZZ(100))\n"
sage: eval(_i1)

_6 = 272 * 572

sage: %hist

factor (100)
kronecker_symbol (3, 5)
$hist

_oh

_i1

eval (_1i1)

$hist

~ o U b W N

MB&I He BKJIIOYAEM HOMEpa CTPOK B 9TOM Y4eOHOM MOCOOMH U B APYroil JOKyMeHTaln Sage.

BrI Takke MoxeTe XPaHUTh CIIMCOK BBEAECHHBIX KOMaH/J CECCUU B BUJIE MaKpoOca [JIsI CECCUM.

sage: = EllipticCurve([1,2,3,4,5])

sage: = ModularSymbols (37)

sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols (37)

3: Shist

sage: %macro em 1-2

Macro "em’ created. To execute, type its name (without quotes).

=< ™

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E = 5

sage: M = None

sage: em

Executing Macro...

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

IMpu ncnosp30BaHUM MHTEPAKTUBHOM 000109k Sage, mobas UNIX-komaHa MOXeT ObITh 3alylieHa C TOMOIIBIO TIpe-
(pukca !. Hampumep

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex
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BO3BpAILAET COAEPKAHUE TEKYLIeH TUPEKTOPUH.

IMepemenHast PATH COXEPKUT AMPEKTOPHIO bin (OMHApHbIE (haiiibl) B CAaMOM Havajle, TaK YTO €CJIM BBl 3aIlycKaeTe gp,
gap, singular, maxima, 4 T.A. Bbl HOJTy4aeTe BEPCUU, BKIIIOUEHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version
sage: !singular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 XypHanupoBaHue BBOAa U BbiBOAA

JKypHanupoBaHue ceccum Sage 3T0 He TO Xke caMoe, UTO COXpHaHeHue ceccuu (cM. CoxparieHue u 3azpy3Ka NOAHbIX cec-
cuti Juist aToro). [ns skypHanvpoBaHusi BBoJa (4, ONIMOHAJIBHO, BbIBO/IA), UCIOB3YiiTe KOMaHAy logstart. Beeaute
logstart ? mis nogpoGHocTel. Bbl MOKETe HCIONb30BATh 9Ty KOMAHY [UIsl KYPHATMPOBAHMSI BCETO, YTO Bbl BBOJIUTE,
BCEro BBIBOJIA, U IAXe MOKETe BOCITPOU3BECTH BBEJECHHBIC IaHHBIEe B Oyyllel ceccuu (IpocTo 3arpy3uB log-gaiin).

was@form:~$ sage

T
| SageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help()" for help.

|

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.
Filename . setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = 00”3

sage: x,y = Q0['x,y'].gens ()

sage: G = E.gens|()

sage:

Exiting Sage (CPU time Om0.61ls, Wall time Om50.39s) .
was@form:~$ sage

I
| SageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help()" for help.

|

sage: load("setup")

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"2 + x*y = x"3 - x"2 + 4*x + 3 over Rational

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

Field

sage: x*y
X*y

sage: G

[(2 : 3 : 1)]

Ecnu BB ucnosnib3yete Sage B konsole — tepmunaie cpeasl KDE B GNU/Linux — Toraa Bbl MOXeTe COXPaHUTD
CECCHIO CIIe/lyIOIMM 00pa3oM: Noce 3airycka Sage B konsole, BHIOepUTe «settings», MOToM «history...», TOTOM «set
unlimited». Korma BB TOTOBBI COXpaHUTH ceccHio, BeiOepute «edit» u «save history as...» u BBeauTe uMs (paiina s
coxpaHeHust. [Tocie 3Toro Bbl MOXeTe BOCIOJIb30BATHCS JTIOOBIM TEKCTOBBIM PEITAKTOPOM, HAIIPUMED Xemacs, JIisl YTeHHUsI
(aiina.

3.3 BcraBka urHopupyet npurnawieHuve

JorycTiM, BBl YMTaETe Ceccuio Sage Wit Berauciienus Python, u xorure ckonupoBarth ux B Sage. Ho ectb ojHa mpotiiema:
3HAKU >>> WM sage : . Ha camoMm zienie Bbl MOXkeTe KOMUPOBATh U BCTABJIATh IPUMEPHI, KOTOPBIE BKJIOYAIOT ITU 3HAKH.
Jpryumu ciioBamu, Sage UITHOPUPYET CUMBOJIBL >>> WM sage : Nepejl OTnpaBkoil komana B Python. Hanpumep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

3.4 KomaHabl U3aMepeHnst BpeMeHu

Ecnu BbI BBesieTe KOMaHy $time B Hayaje CTPOKHM BBOJA, TO BpeMsl, 3aTpaueHHOE Ha BBINOJHEHHUE orepalyi, Oyier
BbIBE/ICHO Ha 9KpaH. Hanpumep, BBl MOKeTe U3MEPUTh BpeMsl BBIIOJIHEHHS! ONepaliii BO3BEICHHS B CTEIIEHb HECKOJIb-
KkuMU nyTsiMu. [TokasaHusi Hike OyoyT OT/IMYAThCs OT BAIMX; OHM MOTYT OTJIMYAThCS Jlake B PA3HBIX BEpcHsIX Sage.
Yucrtsrii Python:

sage: %time a = int (1938)7int (99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

Iro o3Hayaet uTo .66 cekyH ObUIO 3aTpayeHo B cymme, a « Wall time», (mporrearree BpeMs), Toxe 0.66 cekyrn. Eciu
BaIll KOMITHIOTEp CHJIBHO 3arpyXeH IpyruMu Ipolieccamu, To « Wall time» MOXeT CHIIBHO OTIYATHCS OT IPOLIECCOPHOTO
BPEMEHH.

Hasiee Mbl OCUMTaeM BpeMsl BO3BEIEHUs B CTEIIEHb C MCIOJIb30BAHMEM BCTPOEHHOIO B Sage LIEJIOYUCIEHHOTO THIIA
JaHHBIX, peanu3oBanHoro (B Cython) c ucnonb3oBanreM oudmoreku GMP:

sage: Stime a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

Ucnounb3ys unrepdeiic PARI u3 6ubdnmmorexku C:
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sage: Stime a = pari(1938) "pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Bepier ce6st Jtydllie, HO TOJIBKO HEMHOTO (Kak M OKUAAIOCH, Belb Bepcust PARI, BcTpoeHHasi B Sage, UCIIONb3yeT
GMP n1s1 paboTHI € LENBIMH YHUCITIAMH).

Bol Takke Moxere 3aMEPUTH BPEMS BBIITIOJIHEHUA OJ10Ka KOMaH] € IIOMOIIbI0 cput ime, KaK MOKAa3aHO HUXKE:

sage: t = cputime ()

sage: a = 1int (1938)"int (99484)

sage: b = 1938799484

sage: c = pari(1938)“pari(99484)

sage: cputime (t) # random output
0.64

sage: cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t —— (optional) float, time in CPU seconds
OUTPUT:

float —— time in CPU seconds

Komanma walltime Bener ce0s Tak ke, Kak cputime, HO OHa U3MeEpPSIET HACTOSAIIEE BPEMSI.

MBI TaK ke MOXeM BO3BECTH UKCIIO B CTENIEHb, FICTIOJb3Y s CUCTEMbI KOMITBIOTEPHOH anreOpsbl, BKIIIOUYEHHbIE B Sage. B kaxk-
JIOM Clydae Mbl 3aIlyCKaeM IPOCTYI0 KOMaH/ly B CHCTeMe YTOOBI 3aIlyCTUTh CepBep sl 9TOM nporpaMmel. Camoe TOUHOe
- Bpems 310 Wall time. OgHako, eCiu CyIecTByeT CyIIeCTBEHHAsI pa3HHLIA MEKy STUM 3HAYEHHEM U IPOIECCOPHBIM
BpemeHeM (CPU time), TO, BO3MOXHO, €CTh CMBICJT IPOBEPUTh CUCTEMY Ha HAJIMYKE MTPOOIEM MPOU3BOUTEIHHOCTH.

sage: time 1938799484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g = gp('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima (0)
0
sage: time g = maxima ('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash (0)
0
sage: time g = kash('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica (0)
0
sage: time g = mathematica('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple (0)
0

(continues on next page)
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sage: time g = maple('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap (0)
0
sage: time g = gap.eval('1938799484;;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

3ameTbTe, uTo GAP 1 Maxima SIBJISIIOTCSI cCaMbIMU MEJJICHHBIMU B 9TOM TecTe (TecT ObUI POBEJicH Ha MAlllMHE Sage .
math.washington.edu). Tak kak OHM PabOTAIOT C OPYrUM UHTepdErcoM, HAACTPOSHHBIM HaJl HUMH, CYAUTh 00
a6COMOTHON MPOU3BOUTEIHHOCTH STUX CHCTEM HE CTOMT.

3.5 OWMbKM N UCKIYeHns

Korza 4To-TO nzieT He Tak, OOBIYHO MOXHO YBUeTh uckiodyeHue Python (Python «exception»). Python nase morbita-
€TCs1 IPEATONIOKHUTh, YTO BBI3BAJIO OMIMOKY. YacTo Bbl MOKETE BUJIETh UMSI MCKJIIOUEHUS1, HAIIpUMep, NameError uin
ValueError (cM. Python Library Reference [PyLR] mns nosiHoro cnvicka uckimodenuit). Hanpumep,

sage: 3_2
File "<console>", line 1
727 (3)_2

SyntaxError: invalid
sage: EllipticCurve ([0,infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

WHTepakTMBHBIN OTVIAJYMK MOXET ObITh TOJIE3HBIM JIJIsl TOHUMAsl TOTO, YTO MOILIO He Tak. OTIaJuuK MOKHO BKJIIOYATh
WJIH BBIKJTIOYATh KOMaHAOH $pdb (110 yMOTYaHHIO OH BhIKJIOUEeH). [Ipuriamenne kKoMaHIHOM CTPOKK 1pdb> MosBis-
eTCsl Ha 9KpaHe, eCJIU CIYYMIIOCh UCKITIOYCHUE M OTIAJUMK ObUT BKIIOUEH. M3 oT1aquiKa Bl MOXETe BHIBECTH Ha 9KpaH
COCTOsIHME JIIOOOH JIOKAJIbHOM MepeMEeHHO U IBUTaThCsl BBEPX M BHU3 IO CTEKy (execution stack). Hanpumep,

sage: S5Spdb
Automatic pdb calling has been turned ON
sage: EllipticCurve ([1l,infinity])

<class Dexceptions.TypeError'> Traceback (most recent call last)

ipdb>

JL71s1 ToJTyJeHus CITICKa KOMaH]] OTJIATIMKa BBEIUTE ? B KOMAaHAHOMW CTpoKe 1ipdb>:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u

(continues on next page)
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alias ¢ cont down ignore n pinfo return wunalias
args cl continue enable J next pp S up
b clear d exit jump o) q step W

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Haxwmure Ctrl-D nm BBete quit 4ToOB BEPHYTHCS B Sage.

3.6 O6paTHbIN NOMCK U aBTOAOMNOJ/IHEHNE

CHavasa co3aiuM TpexMepHOe BEKTOPHOE MpocTpaHcTBo V = Q2 criemyommm o6pasom:

sage: V = VectorSpace (QQ, 3)
sage: V
Vector space of dimension 3 over Rational Field

MoXHO UCTIONB30BATH COKpalll€eHHOE 0003HaYEHHE:

[sage: V = Q0”3

BBeure Hayano KOMaHbl, MOTOM HaxMuTe Ctr1l-p (MIM NPOCTO HAXMHTE CTPEIKY BBEPX Ha KJIABUATYpe) YTOOBI
BEPHYThCS K JII0OOW U3 CTPOK, KOTOPBIE Bbl BBOAMIIM, HAUMHAIOLIEHNCS C TAKUX K& CUMBOJIOB. DTO paboTaeT Jaxe eciu
BBI TTOJIHOCTD BBIIUIA U3 Sage ¥ Mepe3altyCTHIM ero no3xe. MokHO UCHoJIb30BaTh U 0OpaTHHIA IOUCK 110 UCTOPUH KO-
MaHj ¢ oMoltpio Ctr1-r. Bce 3TM BO3MOXHOCTH UCHONIB3YIOT akeT readline KOTOPBIA AOCTYIEH MOYTH Ha BCEX
pasaoBuaHOCTAX GNU/Linux.

MOXHO € JIETKOCTBIO BBIBECTH CITUCOK BceX (pyHKUME 11 V', ucnonb3ys aBTogonosHeHue. [Ipocto BBeauTe V. , MOTOM
HaxMuTe [TAB] Ha CBOel KJaBUAType:

sage: V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis
.coordinates

<< << <

V.zero_vector

Ecnu BB BBEJeTE NEpBBIE HECKOJIBKO CUMBOJIOB KOMAH/IBI, 2 IOTOM HaxkMéETe [TAB], BB MOMy4uTe (DYHKLMH, KOTOPbIE
HAYMHAIOTCS C 9TUX CUMBOJIOB.

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

Ecnu BaM MHTEpECHO, UTO JieNlaeT Kakasi-HuOyab (pyHKIMs, HanpumMep coordinates, BBemute V. coordinates? mia
MOJTYYeHHUsI CIIPABKU WK V . coordinates ? ? s HOMyYeHUs] UCXOTHOTOo Kojia (0OBSICHSIETCS B CIIEAYIONIEM pa3Jielic).
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3.7 BcTpoeHHasi cnpaBo4YHasi cuctema

Sage oOyaiaeT BCTPOCHHON CIIPAaBOYHOM CUCTeMOH. BBequTe HazBaHUe (PYHKIMU CO 3HAKOM ? IS IOCTYIIA K JOKYMEH-
TalUy 10 TOW (PYHKLMH.

sage: V = Q0”3
sage: V.coordinates?

Type: instancemethod

Base Class: <class 'instancemethod'>

String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then
sum c_1i B_i = wv.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES :
sage: = FreeModule (IntegerRing (), 2); MO,M1=M.gens ()
sage: = M.submodule ([MO + M1, MO - 2*M1])

M
W
sage: W.coordinates (2*M0-M1)
[2, -11

Kak moka3zaHo BblIiiie, BHIBOJT TOKA3BIBAET THIT 00BEKTa, (haiisl, B KOTOPOM OH OTpeIesieH U TT0JIE3HOE OIMCaHne (DYHKITN
C TIpEMEpaMH, KOTOpble MOXHO BCTABHThH B Ballly TEKyIIyio ceccuio. [ouTi Bce mpUMepBI TIOIBEPrAOTCS PEryIsIPHOI
ABTOMATHUYECKOH ITPOBEPKE Ha MpeIMET pabOTOCIIOCOOHOCTH U HAIMUKSI TPeOyeMOro MoBeJeHHsI.

Jlpyrasi BO3MOXHOCTb XOPOIIIO OTPAXaeT AyX OTKPHITOro MpOrpaMMHOr0 odecrieuenus: eciii £ 3to (ynkius Python’a,
To £ ?? BBIBeJET HCXOJHBIN KOJI, KOTOPHIH ompeaensger £. Hanpumep,

sage: V = Q0”3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates (self, v):
nmmn

Write $v$ in terms of the basis for self.

nun

return self.coordinate_vector (v) .list ()

Orciofa Mbl 3HaeM, 4To BCe, 4To JesaeT (PyHKIMsSA coordinates, 3To BHI3OB (PyHKIIMU coordinate_vector u
MIpeBpallaeT pe3ybTaT B CIUcoK. UTo nenaet pyHKuusa coordinate_vector?

sage: V = Q0”3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

(continues on next page)
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return self.ambient_vector_space () (v)

Pynkima coordinate_vector yaepKuBaeT BBEICeHHbIC 3HAUEHUS BO BHEIITHEM MIPOCTPAHCTBE, YTO TO3BOJISIET H0-
OuThCS TaKoro xe 3(pdekra, Kak Mpy BHIUUCICHUH BeKTOpa KO3(pULIMEHTOB NepeMeHHOl v ¢ ToukH 3penus V. [Ipo-
cTpaHcTBO V' yke BHeIlHee, Tak Kak oHo sisnserca Q3. CymecTsyer Takxke (yHkumMs coordinate_vector mid
MOZIPOCTPAHCTB, ¥ OHA BeJIeT ce0s1 Mo-MHOMY. MBI CO3/IM MOIIPOCTPAHCTBO ¥ IOCMOTPHM:

sage: V = Q0"3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):
nmmn

nun

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector (v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user _matrix ()

return T.linear_combination_of_rows (w)

(Ecxm BBI cuMTaeTe, 4TO CYIIECTBYIOIIAs peatn3alyst Hea(heKTUBHA, MOXATyHCTa, 3apETUCTPUPYATECh U TIOMOTHUTE OIl-
TUMU3HPOBATh JINHEHHYIO anreopy.)

BrI Takke MOkeTe BBeCT he 1p (uMs_xoMmanms!) Wil help (knacc) s NOody9YeHHs CIIPAaBKH O KJlaccax Wi (PyHK-
LMAX B CTWIE Man-CTPAHULI.

sage: help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, .
*
o*,

with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

sage:
sage:

Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring

sage: V.basis ()

[

V = VectorSpace (FractionField (PolynomialRing(ZZ, 'x")),3)
\

(1, 0, 0),
(0, 1, 0),
——More——

Korza Bbl BBOAMTE q IS BBIXOJA U3 CIIPABOYHON CHCTEMBI, Ballla CECCUSI HAXOAUTCS B TOM K€ COCTOSIHMHM, YTO M JIO
storo. CripaBka He 3axJ1aMJIsIeT Balll 3KpaH, B OTIM4Ke oT popMbl function_name ?, KOTopas HHOTAA MOKET OCTaB-
Tk MH(popMalio B Bamieil ceccuu. OcoOEHHO MOJIE3HO MCIOJb30BaTh help (module_name). Hanpumep, Bek-
TOPHbIE IIPOCTPAHCTBA ONHUCaHbl B sage .modules. free_module, no3romy BBeguTe help (sage.modules.
free_module) s gokymeHTanmu 060 BceM MoayJe. Korna Bel mpocMaTprBaeTe JOKYMEHTALMIO B CIIPABOYHOM CH-
cTeMe, BBl MOXKETEe OCYILIECTBIIATh MOUCK C IOMOIIBIO / ¥ B 0OPaTHOM MOPSIAKE C OMOIIIBIO ?.
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3.8 CoxpaHeHue u 3arpy3kKa oTaeNibHbiX 06 bEeKTOB

JlomycTM BBl BBIYMCIIMIIM MAaTPUILy UM Xy3Ke: CIIOXKHOE MPOCTPAHCTBO MOIYJISIPHBIX CUMBOJIOB, U XOTHUTE COXPAHUTD €r0
1uts1 paboTel B 6yaymiem. Kak ato caenars? EcTh HECKOIBKO CIOCOOOB, KOTOPHIMU KOMIIBIOTEPHBIE areOphl MOJIb3YI0TCS
IUIs1 COXpaHEeHUs1 OOBEKTOB.

1. Coxpanuth urpy: IlognepxuBaeTcs coxpaHeHHe U 3arpy3Ka TOJIBKO MOJHBIX ceccuid (Harpumep, GAP, Magma).

2. YHuuIuapoBaHHbIA BBO/BBIBOA: BbiBOI 0OBEKTOB Ha 9KPaH B TAKOM BH[IE, B KOTOPOM OHU MOTYT OBbITh CUH-
tanbl o3xe. (GP/PARI).

3. Eval: Jlerkwuii crioco® 3arycka Jiio60ro kojaa B uHTeprperartope (Hanpumep, Singular, PARI).

Tak kak Sage rmocrpoeH Ha Python’e, OH MCIIOJIb3yeT UHOW MOJXO/: KAXIbIA OOBEKT MOXKET ObITh MPEBPAIEH B CTPOKY,
U3 KOTOPOW B MOCJEICTBHU MOKHO BOCCTAaHOBHUTH 00beKT. CIIoco0 CX0k CO CrocoOoM YHU(DUKAIMK BBOJA U BBIBOJA,
kak B PARI, Ho B ciyuae ¢ Sage HeT HEOOXOAMMOCTHY BHIBOAUTH OOBEKT Ha SKpaH B caMoll HeynoOHou hopme. Takxke,
MOJIEPXKKA COXPAHEHHSI U 3arpy3KH (B OOJIBIIIMHCTBE CIIyYaeB) MOJTHOCTIO ABTOMATHYHA, HE TPEOYET AOMOTHUTETHHOTO
MPOrPaMMHPOBAHHSI; ITO MPOCTO BO3MOKHOCTh Python’a, koTopast Obia BKJIIOUEHA B A3BIK C CAMOTO Havaa.

3133

IMouru 10601 0OBEKT X MOXKET OBITH COXPAHEH B C:KaTOM (hopMe Ha JIMCK TPH TOMOILIM KOMaH/IHI ,, “save(x, filename)
(W1 BO MHOTHUX Cilydasx ,,“x.save(filename)“

2113

). st 3arpy3ku oObekTa BBeauTe ,, ‘load(filename)“*.

sage: A = MatrixSpace (QQ, 3) (range (9)) "2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save (A, 'A'")

Teneps BhIAIMTE U3 Sage U nepe3anycrute. Tenepb Bbl MOXETe MOMYYHTh ,,“A““ 00paTHO:

sage: A = load('A")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To ke camoe MOKHO JieJ1aTh ¥ ¢ 60oJiee CJI0KHBIMUA 00bEKTaMU, HAIIPUMEP SJUTUIITUYECKMME K pUBbIMU. Best nHpopManms
00 00beKTe (KOTopasi HaXO/IUTCS B Kellle) CoXpaHsieTcst BMecTe ¢ o0bekToM. Harpumep,

sage: E = EllipticCurve('lla')

sage: v = E.anlist (100000) # TpebyeT HEeKOTOpOro BPEMEHH. . .
sage: save(E, 'E')

sage: quit

CoxpaHeHHast Bepcus E 3aHuMaer 153 kusobura, Tak Kak B HeM copepxkarcs nepseie 100000 a, .

~/tmp$ 1ls -1 E.sobj

-rw-r—-r—-— 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist (100000) # MoMeHTAnbHO!

(B Python, coxpaHeHue U 3arpy3Ka OCyIIECTBIsieTCss MofiysleM cPickle. OObekT Sage X MOKET ObITh COXpaHEH C
nmomonipio cPickle.dumps (x, 2).O0parute BHUMaHKe Ha 2!)

Sage He MOXKET COXpaHATh U 3arpyKaTh OObEKTHI, CO3[JAHHbIE B IPYTUX CHCTEMaX KOMIIBIOTEPHOH ajreOpbl, TAKUX Kak
GAP, Singular, Maxima u nip. OHu 3arpy:kaioTcsi B COCTOSIHMM, KOTOpPOe IoMeueHo Kak «invalid». Xots, B GAP MHorue
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0OBEKTHI BHIBOAATCS B (popMe, U3 KOTOPOH MX MOTOM MOXHO BOCCTAHOBUTh, HO MHOTHE HE BBIBOJISITCS B Takoii (hopme,
MO3TOMY MX BOCCTAHOBJIEHHE M3 TAKOTO BUA HAPOUHO 3aIpeIeHo.

sage: a = gap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

O6bextel GP/PARI MOryT ObITH COXpaHEHBI M 3arpy>KEHbI, TAK KaK MX BUJ [IPU BBIBOJIE HA SKPaH JIOCTATOYEH ISl BOC-
CTaHOBJIEHUA OOBEKTA.

2
sage: a.save('
sage: load(
2

sage: a = gp(
e
'a

)
a')
)

CoxpaHeHHbIe 0OBEKTBI MOTYT OBITh 3arpy’KeHbl MO3KE HA KOMIIBIOTEPaX C APYroil apXUTEKTYPOW WIIM ONEpaliMOHHON
CHCTEMOM, HAIPUMED, Bbl MOKETE COXPAHUTh OrPOMHYI0 MaTpully B 32-6utHoit OS X u 3arpy3uth ee B 64-OUTHYIO
GNU/Linux, mpuBecTH K CTyNeH4YaTol (hopMe U NepeMecTUTh 00paTHO. Takke BO MHOTHX CIydasix Bbl MOXKETE 3arpy-
KaTh 0OBEKTHI B BEPCHHU Sage, OTIIMYHbIE OT BEPCHHU, HA KOTOPOU OHU ObUTH COXpaHeHbl. Bce aTpubyThl 00beKTa COXpaHsi-
I0TCS1 BMECTe C KJIACCOM (HO He BKJIIOYasi ICXOJHBIN KOJ1), KOTOPBII onucbiBaeT 00beKT. Ecim ki1acc Gosiee He cyiecTByeT
B HOBOM Bepcuy Sage, Torna o0beKT He MOXET OBITh 3arpykeH B 9Ty HOBYI0 Bepcuio. Ho eciti Bbl 3arpysure ee Ha BEpCUIo
HIKE, TTOJyYHTe CIOBaph OOBEKTOB (C IIOMOMIBIO X . dict__ ) M COXpaHWTE CIOBaph, TO CMOXETE 3arpy3UTh €ro B
HOBYIO BEPCHIO.

3.8.1 CoxpaHeHue B BUpe Tekcra

BbI Takke MoxeTe coxpaHaTh 00beKTH B Buie Habopa ASCII cMMBOJIOB B ITPOCTON TEKCTOBBIN (haidsT MPOCTHIM OTKPbI-
THeM (haiiyia 1 COXpaHEeHUEM CTPOKH, KOTOpast BRIpakaeT (ONMCHIBAET) OOBEKT (BBl MOKETE 3aIIMCHIBATh HECKOJIBKO 00b-
ekToB). He 3a0ynpTe 3aKkphITh (haili nocie 100aBIeHUs JaHHBIX.

sage: R.<x,y> = PolynomialRing (QQ, 2)
sage: f (x+y) "7

sage: o = open('file.txt','w')

sage: o.write(str (f))

sage: o.close()

3.9 CoxpaHeHue U 3arpy3Ka nosiHbiIX CecCuUu

Sage obnamaeT o4eHb TMOKMMU BO3MOKHOCTSIMH COXPAHEHUS 1 3arpy3KH MOJITHBIX CECCH.

Komanpa save_session (sessionname) coxpaHsieT Bce IEPEMEHHbIE, KOTOPBIE BBl 3aJaJM B TEKYILEH CECCUU B
BUJIE CIIOBaps B 331aHHOM ses s ionname. (B peskom ciydae, korna o0beKT He HOJIEPKUBAET COXpaHEHH s, OH IIPOCTO
He OyzeT BKJIIOYEH B cloBapb.) B pesynbrate Oyner co3nmaH (aill ¢ pacimpeHreM . sobj U MOXeT OBITh 3arpyxeH
Kax Jo6o# apyroii o6bekT. Koraa B 3arpyskaere coxpaHeHHbIE OOBEKTH B CECCHIO, BBI MOJIyYaeTe CI0BApb, KIIOYAMU
KOTOPOTO SIBJISIOTCS MMEHA IEPEMEHHBIX, @ 3HAYEHUSAMU — OOBEKTHI.

Bl MOXeTe ucronb30BaTh KOMaHIy 1oad_session (sessionname), 4TOObI 3arpy3UTh TIepEMEHHBIC, OMCAHHbIC
B sessionname, B TEKYIIYIO CECCHI0. 3aMEThTe, UTO TO He yIallseT epeMeHHbIe, 3aJaHHbIe B 9TOH ceccur. Bmecto
9TOrO, JIBE CECCUN OOBEIUHSIOTCS.
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Jl71s1 Havasa 3armycTuM Sage U 3a/aJuM HECKOJIbKO IIEPEMEHHBIX.

sage: E = EllipticCurve('lla')

sage: M = ModularSymbols (37)

sage: a = 389

sage: t = M.T(2003) .matrix(); t.charpoly().factor()
4 = (x — 2004) * (x — 12)"2 * (x + 54)"2

Jlasiee, coXpaHUM Hallly CECCHIO, YTO BKJIIOYUT B ce0s1 COXpaHEHHE BCEX 3aJaHHBIX BbIIE NepeMeHHbIX B (haiti. [lotom
MBI IpoBepuM HH(popmario o daiine. Ero pasmep — 3 kusobaiita.

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r——-r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

Hakonen, MbI niepe3amyctum Sage, 3alaquM JOTIOJHUTENIBHYIO IIEPEMEHHYIO 1 3aTPy3UM COXPAHEHHYIO CECCHIO.

sage: b = 19
sage: load_session('misc')
Loading a

Loading M
Loading E
Loading t

Ka;masl COXpaHEHHas NIepeEMEHHAsA CHOBA SABJISACTCA HCpeMeHHOﬁ. KpOMe TOro, NeEpeMeHHast b He ObLIa nepesarmrcana.

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign O

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = x*3 - x°2 - 10*x - 20 over Rational
Field

sage: b
19
sage: a
389
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rnasa 4

NHTtepdpeiicol

KpaeyronpHbIM KaMHeM Sage SIBIISIeTCs HO/IEPKKa BBIUKMCIIEHUH C UCTIONB30BAaHUEM OOBEKTOB M3 PA3HBIX CUCTEM KOMb-
MIOTEPHOM aJIreOphl, KOTOPHIE HAXOASITCS IO/ OHON KPHIIIEi» U FCHOIB3YIOT OOIIMI UHTEP(ENC U YICTHII S3BIK TPO-
IPaMMHUPOBAHMS.

Mertonsl console u interact uHtepdgeiica aenaot pa3Hbie Beru. Harpumep, ncnonszyst GAP kak npumep:

1. gap.console (): OtkpoiBaer koHcosbs GAP u nepenaer ynpaenenue GAP’y. 3pech Sage BeICTymaeT B poJu
yIOOHOW KOMaHIHOM CTPOKH, Hanogooue obomouky Bash B GNU/Linux.

2. gap.interact (): D10 yaoOHHIA CIOCOO B3aUMOJEHUCTBHS C 3amyiieHHbIM uHTepdeiicom GAP, «3anonHeH-
HbIM» O00beKTaMu Sage. Bbl MoxkeTe MMIopTHpoBaTh 00beKTH Sage B ceccrio GAP (nake U3 MHTEPAKTUBHOTO
uHTepelica), u np.

4.1 GP/PARI

PARI 310 KOMMakKTHasA, OYeHb NMPOAYMaHHAs M XOPOIIO ONTUMU3UPOBaHHAs mporpamma Ha C, cocpeJoTOUeHHast Ha
Teopun yrces. CymecTByeT JBa pa3iesibHbIX HHTepderica, KOTOphle BBl MOKETE HUCIIOIb30BaTh B Sage:

¢ gp — gp - uarepnperatop «G o P ARI» , u
* pari — pari - C-6ubmioreka PARIL.

HaHpI/IMep, ciaeaymnmue 1B€ CTPOYKH BBIIOJHAKT OJHY U Ty K€ OICPALUIO. Onn BBIITIAAT WACHTUYHO, HO BBIBO/] Ha
CaMOM JIeJI€ OTJIMYAETCA, a 3a KyJIMCaMH ITPOUCXOAAT COBCEM PAa3HBIE BEIIIH.

sage: gp('znprimroot (10007) ")
Mod (5, 10007)

sage: pari ('znprimroot (10007) ")
Mod (5, 10007)

B nepBom ciyuae otmensHas ~Komus — uHTepnperatopa GP  3amyckaertcss Kak  cepep, U CTpOKa
'znprimroot (10007) ' oTmpapiseTcs B Hero, BbUMCHseTcsi ¢ nomoinplo GP, ¥ pe3ynbraT 3amuchiBaeTcsi B
nepemMeHHyo B GP (kotopas 3aHMMaeT mpocTpaHCTBO B mamsith mporecca GP u He OyzneT ocBodoxaeHa). [Tocne sToro
3HaYeHHE MEePEeMEHHOM BBIBOAMUTCS HA dKpaH. Bo BTOpoM ciydae OTAesbHAsi MporpaMMa He 3alyCKaeTcs, U CTPOKa
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'znprimroot (10007) ' Bblumcisercss KoHKpeTHOW (yHkimeit C-6ubiuorekn PARI. Pesynbrar coxpaHsiercst B
heap-namstu Python’a, koTopast ocBOGOKIa€TCsI MOCIIE TOTO, Kak MepeMeHHast IepecTaeT UCTOJIb30BaThCs. Y 00BEKTOB
pasHblil TUI:

sage: type (gp ('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
sage: type (pari('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

Tak Kakoii e crocod MCIoJb30BaTh? ITO 3aBUCHUT OT TOTO, YTO BH Aenaere. VHrepdeiic GP moxer nenats Bce, 4TO
MoxeT genatb nporpamma GP/PARI, 3amyckaemas U3 KOMaHIHOW CTPOKHU, MOTOMY KaK OH 3allyCKaeT 3Ty Mporpam-
My. Bbl MoxeTe 3arpy3uts cioxnyio nporpammy PARI u 3amyctuts ee. C mpyroii croponsl, uaTeperic PARI (uepes
C-6ubMoTeKy) UMeeT HAMHOTO OOJIbllie OrpaHrUYeHHId. Bo-NiepBbiX, He Bee (DyHKIMM B HEW peain3oBaHbl. Bo-BTOpHIX,
MHOTO KOJia, HallpuMep, YUCIIEHHOe MHTerpupoBanue, He Oyzaer padoratsh yepes unrepdeiic PARI. Nurepiiec PARI
MOXeT ObITh HAMHOTO ObICTpEe U TOHsATHee, YeM cpaBHeHuIo ¢ GP.

(Ecim y nnTtepdeiica GP 3akoHYNTCS TaMATh P BBIYUCJIEHUHN JAHHOM CTPOKH, OH aBTOMAaTHYECKH U O€3 Ipeaypesk/ie-
HHS YIOBUT pa3Mep CTeKa U MONpoOyeT BbYKCIICHHUE ele pa3. [1o3ToMy Balli BEYMCIIEHUS Beeraa OyayT IpOU3BeaeHbI
KOPPEKTHO, €CJIU BbI IPABUJIBHO PACUMTaeTe pa3Mep HEOOXOAUMON MaMATH. DTOT YAOOHHIN TPIOK He BXOAUT B apceHall
npocroro uHTeprperaropa GP. OrnocurensHo untepdeiica C-6uomoreku PARI: oH cpa3y konupyet Kaxaplil co3/1aH-
HbII 00beKT U3 creka PARI, nostomy crek HuKorna He pacteT. OHaKO, KaX/Iblil OObEKT He JIOJDKEH MPEeBbIIIaTh pa3Mepa
B 100 merabaiit, wim ctek OyJeT neperoyHeH Py CO3AaHnu 00beKTa. [JonoIHNTeIbHOE KOTMPOBAaHNE HEMHOTO BIIUSIET
Ha OOIIYI0 IPOM3BOJHUTEIBHOCTD. )

Sage wucnonbzyer C-O6ubnuoreky PARI, 4toObl MmopaepkuBath (PYHKIHOHAIBHOCTb, CXOXYI0 C HMHTEPIPETATOPOM
GP/PARI, Ho BKJIIOYAs pa3jIMYHBIC CIIOKHBIC OMEPAIMH T10 padoTe C MAMATHIO U sI3bIK IporpaMMupoBanus Python.

CHayvana, co3naaum crnucok PARI u3 criucka Python.

sage:
sage:
[1, 2, 3, 4, 5]

sage: type (v)

<class 'cypari2.gen.Gen'>

v = pari([1,2,3,4,5])
v

Kaxnpiii 00bektT PARI siBnisiercst o6bektoM tuna Gen. Turm PARI MoxeT ObITh MOJIyYeH ¢ MOMOIIbI0 (PYHKIIMK-UJIeHa
type.

sage: v.type /()
't_VEC'

B PARI, 4T00BI CO3/IaTh SJUIMIITHYECKYIO KPUBYIO, HY’KHO BBecTH e11init ([1,2,3,4,5]). B Sage crocod cxox,
TOJNBKO €11init — 9T0 MeToJ, KOTOPBIA MOKET OBITh BBI3BaH /I Moboro oobekra PARI, Hanpumep Hamma t_VEC v.

sage: e = v.ellinit ()

sage: e.type()

't_VEC'

sage: pari(e) [:13]

[+, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

Tenepb, KOorja y Hac €CTb OOBEKT JUTUITHYECKAS KpuBada, Mbl MOKEM BbIYHCIIUTH t{TO-HI/I6y,IH).

sage: e.elltors()

(1, 1, [11
sage: e.ellglobalred()
(103s1, (1, -1, o0, -11, 1, [11, 1; 941, 11, [(%, 5, O, 11, [1, 5, O, 1]1]

sage: f = e.ellchangecurve([1,-1,0,-1])

(continues on next page)
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sage: f[:5]
[11 _11 OI 4/ 3]

4.2 GAP

Sage nocraBisiercst ¢ GAP [y1s1 BbIUMCIIEHUH B 00JIACTH JUCKPETHON MaTeMaTUKH, B OCOOEHHOCTH, B TEOPHUU IPYIIIL.

Bot npumep pynkimn IdGroup u3 GAP, kotopas ncrioss3yer 6a3y JaHHBIX HEOOJIBIINX I'PYII, KOTOPast JOJDKHA OBITh
yCTaHOBJIEHA OTIEJIbHO, KaK ITOKAa3aHO HIIKE.

sage: G = gap('Group((1,2,3) (4,5), (3,4))")
sage: G

Group( [ (1,2,3) (4,5), (3,4) 1)

sage: G.Center()

Group ( () )

sage: G.IdGroup ()

[ 120, 34 ]

sage: G.Order ()

120

MBbI MOkeM MPOBECTH Te ke BRIYUCIICHUs B Sage Oe3 mpsiMoro BbizoBa uHTepdeiica GAP cieayomum o6pazom:

sage: G = PermutationGroup([[(1,2,3), (4,5)1,[(3,4)11)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
=5)1)

sage: G.group_id()

[120, 34]

sage: n = G.order(); n

120

Hexkotosie ¢pyrkimn cuctemsl GAP qOCTYITHBI TOJTBKO MOCITE MHCTAJUISAINN AOTIOTHATEIBHOTO MakeTa Sage. OH MOXeT
OBITb YCTAHOBJIEH KOMAaH/IOM:

[sage -1 gap_packages J

4.3 Singular

Singular npegocTaBiisieT MACCUBHYIO U MPOLYMaHHYI0 OMOIHOTEeKY s 6azuca ['péOHepa, HaXOx/IeHUs1 HAauOOJIbIIETO
00IIIEro IeUTeNs MOJTMHOMOB, 0a3uca IPOCTPAHCTB IIOCKKMX KPUBBIX PrMaHa-Poxa u aktopusanuu, Hapsiay ¢ Opyru-
MU BetamMu. Mbl okaxeM npumep (HakTOPU3aIMHU MOJIMHOMOB C HECKOJIbKUMH MePEMEHHBIME, HCIONb3Ys1 uHTEpdeiic
Singular B Sage (He BBOgUTE . . . . :):

sage: R1 = singular.ring(0, '(x,y)', 'dp')
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

(continues on next page)
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sage: f = singular('9*y”"8 - 9*x"2*y"7 - 18*x"3*y"6 — 18*x"5*y"6 +'
60008 '9Fx~6*yt4 + 18*x7T7*y”5 + 36*x78*y”4 + 9*x"10*y*4 - 18*x"1l1l*y”2 -
5000 '9*xN12*%y"3 = 18*xM13*y"2 + 9*x”16")

Teneps Korga Ml onpeeniy f, Mbl BBIBOJMM Ha 9KpaH U (haKTOPHU3YEM.

sage: f
9*x"16-18*x"N13*y"2-9*x"12*y"3+9*x"10*y"4-18*x"11*y " 2+36*x"8*y"4+18*x" T y"5-18*x"5*y"
S 6+9* xN6* yN4-18* XNy 6-9* XN 2*y " T+9*y "8
sage: f.parent ()
Singular
sage: F = f.factorize(); F
[17:
_[11=9
_[2]=x"6-2*x"3*y"2-x"2*y"3+y"4
[3]=—x"5+y"2
[2]:
l,4,2
sage: F[1]([2]
XNO—2* XN3FyN2-x"2* y " 3+yt4

Kak u Ha npumepe GAP B GAP, Mbl MOKEM COBEpIIUTh IAaHHYIO (DAaKTOPHU3ALIHI0 Oe3 MPsIMOro yKazaHusl uHTepderica
Sage (omHako 3a KyJucaMmu Sage Bce paBHO Ucronb3yercs: uHtepgeiic Singular). He BBoguTe . . . . ::

sage: x, v = 00['x, y'].gens|()

sage: £ = (9*y"8 - 9*x"2*y"7 - 18*x"3*y”"6 - 18*x"5*y"6 + 9*x"6*y"4

et + 18*x"7*y"5 + 36*x"8*y"4 + 9*x"10*y"4 - 18*x"11*y"2 — 9*x"12*y”3
e - 18*x"13*y"2 + 9*x716)

sage: factor (f)

(9) * (=x"5 + y"2)72 * (x"6 — 2*x"3*y"2 — x"2*y"3 + y"4)

4.4 Maxima

Maxima BKJIOYeHa B Sage, Tak xke Kak peanu3anus Jlucna. [Taker gnuplot (koTopslit Maxima BCTIOB3yeT Mo YMOTYaHUIO
IS TIOCTPOEHM S rpapKOB) PacIpOCTpaHseTCs Kak JOMOTHUTENbHBIN makeT Sage. KpoMe octanpHbIX Bemieit, Maxima
MO3BOJISIET MTPOU3BOAUT CUMBOJIMUECKHME MaHUITY IAIMK. Maxima MoeT HHTerpupoBath U JuddepeHIpoBaTh (QyHK-
LMY CUMBOJIMYECKH, pelaTh OObIKHOBEHHBIE (D hepeHIMaIbHbIE YPaBHEHHUST 1T0 MOpsiaKa, OOJIbIIYI0 YacTh IMHEHHBIX
OOBIKHOBEHHBIX M epeHIINaTbHBIX yPaBHEHHH 2r0 TOPsI/IKa, UCTIOIb30BaTh MpeodpazoBanus Jlaruiaca Kak MeTos st
PpelleH s TMHEHHBIX OOBIKHOBEHHBIX T (pepeHIHaNbHBIX YpaBHEHHH T000ro nopsiaka. Maxima Takxke «3HaeT» 0 00JIb-
oM Habope crielanbHbIX (PYHKIIMI, UMEET BO3MOKHOCTb CTPOMTH TpauKu Mpy nomoiiy gnuplot, UMeeT MeTo/Ibl pe-
IIEHUs] ¥ MaHUITYJISLKA MaTpuliamu (K mpumepy, Metop ['aycca, HaxoxaeHre cCOOCTBEHHbIX 3HAUE€HUI 1 BEKTOPOB), a
TAaKXKe YMEeT PellaTh MOJIUHOMBL

MbI npowutiocTpupyem pabdoty Sage/Maxima ¢ IOMOIIBI0 MATPULIbL, 3HAYEHUSI ¢, j KOTOPOil ABJISIOTCS &/ 7, Ui 4, j =
1 4
o4

sage: f = maxima.eval('ij_entry[i,J] := 1i/3")

sage: A = maxima('genmatrix(ij_entry,4,4)"'); A
matrix([1,1/2,1/3,1/4]1,12,1,2/3,1/21,13,3/2,1,3/4]1,14,2,4/3,11)
sage: A.determinant ()

0

sage: A.echelon()
matrix((1,1/2,1/3,1/41,(0,0,0,01,[0,0,0,0],[0,0,0,01)

(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

sage: A.eigenvalues ()

[[0,4],103,1]]
sage: A.eigenvectors () .sage ()
rcco, 41, 3, 111, 02, O, O, -4], [O, 1, O, -2], [0, O, 1, -4/311, [[1, 2, 3, 41111

Bor npyroii npumep:

sage: A = maxima("matrix ([1, O, O], [1, -1, O], [1, 3, -21)")
sage: eigA = A.eigenvectors/()

sage: V = VectorSpace (QQ, 3)

sage: eigA

ree-2,-1,11,14,1,111,10¢000,0,177,000,4,311,10[(1,1/2,5/6111]

sage: vl = V(sage_eval (repr(eigA[1]1[0]1[0]))); lambdal = eigA[0][0][O0]
sage: v2 = V(sage_eval (repr(eigA[1][1][0]))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval (repr(eigA[1]1[2]1[0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace (QQ, 3, 3)
sage: AA = M([[1,0,0],([1, - 1,01,[1,3, - 211)

sage: bl = vl.base_ring/()
sage: AA*vl == bl (lambdal) *vl
True

sage: b2 = v2.base_ring/()
sage: AA*v2 == b2 (lambda2) *v2
True

sage: b3 = v3.base_ring/()
sage: AA*v3 == b3 (lambda3) *v3
True

Hakownern, Mbl OKaxeM, Kak CTPOUTh IpacbuKku cpeAcTBaMu openmath. MHorue npumepsl sBiIA0TCS MoAUpUIpPO-
BaHHBIMU [TPUMEPaMH M3 PYKOBOACTBA K Maxima.

2-mepHble TpaKn HeCKOBbKUX (DYHKIMH (HE BBOOWTE . . . . :):

sage: maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]"',"'[x,0,1]', # not tested
Sn0as '[plot_format, openmath] ')

«KuBoii» TpexMepHBIil rpahuK, KOTOPHII BBl MOXKETE BpaIllaTh MBIIIKON (HE BBOIUTE . . . . :):

sage: maxima.plot3d ("2”(-u*2 + v~2)", "[u, -3, 31", "[v, -2, 2]", # not tested
e '[plot_format, openmath]')

sage: maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
S50 a8 "[grid, 50, 50]", '[plot_format, openmath]')

Crnenymomuii rpaguk — 3710 3HamMeHuTast Jlenra Méobuyca (He BBOIUTE . . . . :):

sage: maxima.plot3d("[cos(x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1",
—# not tested

et "[x, -4, 41", "ly, -4, 41",

55008 '[plot_format, openmath]')

Crnenytommii rpadpuk — 310 3HaMeHuTas byTteiika Kieitna (He BBoguTe . . . . @ ):

sage: _ = maxima ("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
sage: _ = maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")

sage: _ = maxima ("expr_3: 5* (-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, —-%pi, %pil", # not tested

(continues on next page)
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"ly, —%pi, %pil", "['grid, 40, 401",
S50 a8 '[plot_format, openmath]')
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[MporpammmpoBaHue

5.1 3arpy3ka v npukpenneHue channos Sage

Crenymomee Moka3plBaeT, KaK IMOATPYKaTh MPOrpaMMBI B Sage, 3amvcaHHbie B OTAeNbHBIA (pain. Cosmaiite daiin
example.sage CO CIEAYIOLIUM COIEPKAHUEM:

print ("Hello World")
print (273)

Bl MO’KeTe IPOUUTATh U BHIMOJIHUTh example . sage ¢ MOMOUIbI0 KOMaHIbl 1oad.

sage: load("example.sage")
Hello World
8

BrI Takke MokeTe IPUKPEnuTh (hail Sage K 3aryIieHHON cecChy B MOMOIIBI0 KOMaHAbl attach:

sage: attach("example.sage")
Hello World
8

Teneps ecm BBl n3MeHUTE (haill example . sage u BBEIETE MyCTyIO CTPOKY B Sage (T.e. HuKMHUTE return), TO CO-
JepxuMoe example . sage OygeT aBTOMAaTHYECKH IEPErpykeHo B Sage.

B yactHOocTH, attach aBTOMaTHuYeckH meperpyxaer ¢haiii, Kak TOJbKO OH M3MEHEH, UYTO OUeHb YIOOHO IPH MOUCKE
omuoOOK B KOJe, TOraa Kak 1oad 3arpyxaeT (haiijl JIUIIb ¢THHOXKIBL.

Korga example . sage 3arpyxaercs B Sage, oH iepeBoautcs B Python, a 3aTeM BHIIOMHSETCS C TOMOIIBIO HHTEPIIPETa-
topa Python. 3arparsl Ha JaHHYI0 OIepaLINI0 MUHUMAJIbHBL; B OCHOBHOM, 3TO BKJIIOYAET B ce0s1 ePeBO/] LIEJIbIX KOHCTAHT
B Integer (), APOOHBIX KOHCTAHT B RealNumber (), 3aMeHy " Ha * * u, HarpuMmep, R. 2 Ha R.gen (2) . [lepeBe-
JICHHas Bepcus example . sage OyIeT COAEpKaThCs B TOH ke JUPEKTOPUH, UYTO example . sage, MM0J HA3BAaHUEM
example.sage.py. JaHHbi (aiin OyaeT cogepKaTh CIeIyIONHA KOI:
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print ("Hello World")
print (Integer (2) **Integer (3))

Llenble KOHTCTaHTHI NEpeBeAeHbl U~ 3aMeHeHo Ha * *. (B Python ~ o3Havaer «uckmouatouiee MJIN» u ** o3Hauyaer
«BO3BEACHHE B CTETICHD».)

laHHble onepalyu BhIIOJHAIOTCA B sage/misc/interpreter.py.)

Bbl MeeTe BO3ZMOKHOCTb BCTaBJISITh MHOTOCTPOYHBI KOJI C OTCTYIaMH B Sage JI0 TeX IOop, MOKa eCTb HOBbIE CTPOKU
JUTSI HOBBIX OJIOKOB (3TO HeoOs13aTesbHO I (haiiyioB). OfHAKO, TYYIIAM CIIOCOOOM TSI BCTABKU TAKOTO KOJIa SIBJISETCS
coxpaHeHHe B (paiijT ¥ HCTIOJIb30BaHMe attach, Kak ONMMUCaHO BHIIIIE.

5.2 Co3paHne KOMNUNMpPOBaHHOIO Koaa

CkopocTh — BakHAs COCTABJIAONIAS B MATEMAaTHIECKHUX BbIYMCIEHUSIX. X0Ts Python siBsieTcs1 BRICOKOYPOBHEBBIM SI3bI-
KOM IPOrpaMMHUPOBaHMs1, HEKOTOPbIE BBIYMCIIEHUsI MOTYT OBITh BBITIOJIHEHBI HA HECKOJIBKO MOpsiIKoB ObicTpee B Python
TIPY MCTIOJIb30BaHUM CTATHUYECKUX TUTIOB JAHHBIX MTPY KOMITMJIMPOBaHUH. HeKoTopble KOMIOHEHTHI Sage ObLIH Obl CIIHIII-
KOM MeJJIeHHBIMH, Oy/Ib OH HarvcaH eaukoM Ha Python. [Iinst atoro Sage noepxiBaeT KOMIMIMPOBAHHYIO «BEPCHIO»
Python, kotopas HazeiBaeTcst Cython ([Cyt] u [Pyr]). Cython ogHOBpeMeHHO noxosx u Ha Python, u Ha C. BobmHCTBO
KOHCTpyKLMiA Python, BK/IOYas npeacTaBieHue CIIMCKOB, YCJIOBHbIE BHIPaXeHHUs, KOJ HalloJoOHe +=, pa3pelIeHbl; Bbl
TaKKe MOXKETe UMIIOPTUPOBATh KOJ, HAIMCAHHBIN B Ipyrux MonyJsix Python. Kpome Toro, Bl MOkeTe OOBSIBIATH ITPO-
n3BOJIbHBIE NiepeMeHHble C 1 HanpsiMylo oOpamiatbest K oubmmorekam C. Koneunsiit Koyt Oyzet ckonBeptupoBaH B C 1
o6padoTan komnusitopom C.

J1st Toro, 4ToObI CO30aTh KOMIMIIMPYEMBIN KOAL B Sage, 00bsBHTE (hailsl ¢ paClIUpeHreM . spyx (BMecTo . sage). Ec-
71 BBl padoTaeTe ¢ MHTepdelcoM KOMMaHAHOW CTPOKHM, Bbl MOXeTe IPUKPEIUIATh U 3arpykaTh KOMIHIMPYEMbIH KOA
TOYHO TaK ke, KaK U MHTepPIpEeTUpYeMblid (Ha JaHHBIII MOMEHT, TIpUKpeIUieHne U 3arpy3ka koga Ha Cython e moa-
nepxuBaercs B uHtepdeiice Notebook). Camo KOMIMIMPOBaHHE MPOUCXOJUT «3a KyJIUCAMU», HE TPEOYsT KaKUX-Inbo
NEWCTBUI ¢ Balllel cTopoHbl. KoMnuipoBaHHa st OMOJIMOTEKa OOIMNX OOBEKTOB COlepXUTCsa B SHOME / . sage/temp/
hostname/pid/spyx. Dy (ailiel OyayT yaaneHsl IpH BhIXOE U3 Sage.

[pe-mapcupoBka He MpUMeHseTcs K spyX (paiinam. Harpumep 1/ 3 mpeBpatutcs B 0 B Spyx (paiiie BMECTO palioHasIb-
Horo uucia 1/3. Jomycrtum, £oo - 910 yHKIMs B Oubmuoteke Sage. [ist TOro, YTo0bI UCMIONB30BATH €€ U3 spyX-(ailia,
UMIOpTUpYiiTe sage .all u npuMeHuTe sage.all. foo.

import sage.all
def foo(n) :
return sage.all.factorial (n)

5.2.1 Ooctyn K pyHKuusiMm C n3 BHewHUX cpannos

Hoctyn k ¢pyHkuusam C 13 BHENIHUX * . ¢ (palJIOB OCYIIECTBIsETCS JOBOJILHO Tipocto. Co3paiite aiiibl test .c u
test.spyx B OJHOU AUPEKTOPHUU CO CIICIYIONIAM COJICPKAHAEM:

Kop Ha a3bike C: test . c

int add_one (int n) {
return n + 1;

Kon Ha s3pike Cython: test . spyx:
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cdef extern from "test.c":
int add_one (int n)

def test (n):
return add_one (n)

BrimoauTe:

sage: attach("test.spyx")

Compiling (...)/test.spyx...
sage: test (10)
11

B ToM ciyuae, ecnu noHago0MTCS NOMOJHUTENbHAsST OMOIMoTeKa £oo A1 TOro, YToOb CKOMIMIMpoBaTh Ko Ha C,
nosy4yeHHslii u3 aiina Cython, nodasbre clib foo B ucroynuk Cython koaa. AHaJIOrMYHO, JOMOJHUTENbHBIH C
(1)2117UI bar MoXeT ObITh JOOABJIEH B KOMITWIALMIO ¢ 00bsABIeHeM cfile bar.

5.3 CamocrtositenbHblie ckpuntbl Python/Sage

,HaHHbIﬁ CaMOCTOSITEIbHBIA CKpHUIIT Sage pacKjiaibIBa€T Ha MHOKHUTEJIN LEJIbIC YUC/ia, TOJITMHOMBI U T.[.:

#!/usr/bin/env sage
import sys
if len(sys.argv) != 2:
print ("Usage: %s <n>" % sys.argv[0])
print ("Outputs the prime factorization of n.")

sys.exit (1)

print (factor (sage_eval (sys.argv[1l])))

Ji1st Toro, 4toOBl MCMOJB30BaTh TOT CKpUNT, SAGE_ROOT pgoskeH Obith B PATH. Eciu BBIIEONTMUCAHHBIA CKPHIIT
HasbiBaeTcs factor, clienyolee MOKa3blBAET, KaK €ro BBIMIOJHUTD:

bash $ ./factor 2006
2 * 17 * 59

5.4 Tunbl paHHbIX

Kaxpiii 00beKT B Sage uMeeT onpeneseHHbiid Tuml. Python BkiouaeT B ce6s1 GOJBIION CIIEKTP BCTPOSHHBIX THIIOB TO-
r71a, Kak OuomoTeku Sage 100aBIAIOT ele Ooblie. BerpoeHHble THIB JaHHBIX Python BKIIOUaloT B ce0s1 CUMBOJIbHBIE
CTPOKH, CITCKH, KOPTEXKH, LieJIble U JPOOHBIE YhCIa:

sage: s = "sage"; type(s)

Xooo "SEE'Z

sage: s = 'sage'; type(s) # BBl MOXETE HCHOJNb30BAaThb [BOHHBIE HIH OIHHAPHBIE KAaBBIYKH
€ooo "BEER'Z

sage: s = [1,2,3,4]1; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)

<... 'tuple'>

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

sage: s = int (2006); type(s)

<... 'int'>
sage: s = float (2006); type(s)
<... '"float'>

B cBoto ouepenp Sage 106aBisieT MHOTO IPYTHX TUIIOB JaHHBIX, HAIIPUMEP, BEKTOPHOE T0JIe:

sage: V = VectorSpace (QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

Tounbko omnpepeneHHbie (PYHKIMK MOTYT ObITh IPUMEHEHBI K V. B Ipyrux MateMaTyecKux mporpaMmmax (pyHKIUH Bbl-
3BIBAIHCH OBl B «(hYHKIIMOHATLHOM» BHJe: oo (V, . . . ). B Sage onpenenennsie (pyHKIMU NPUKPEIUIEHbI K THITY (WA
KJ1accy) V ¥ BBI3BIBAIOTCS C TIOMOIIBI0 OOBEKTHO-OPHEHTUPOBAHHOTO CHHTAaKcuca, Kak B Java wim C++, Harpumep, V.
foo (...).DT0 crIocoOCTBYET TOMY, UYTO MIMEHHASI 00JIACTh BUIAMMOCTH He 3aXJIAMJISIETCS JeCATKAMHY THICSY (DYHKITUH,
Y O3HAYAeT, YTO MHOTHE (DYHKIIUH C Pa3HBIM COJIepKaHUEM MOTYT OBITh Ha3BaHHI «f00» 0e3 MpoBepKU TUIIOB apryMeH-
ToB. Takxe, ec Bel ncronp3yere uMs (pyHKIMM MOBTOPHO, 3Ta (DYHKIMS BCE PaBHO AOCTYIHA (Hampumep, eciau Bei
BBI3BIBACTE UTO-TO HAMOJO0UE Zet a, a 3aTeM XOTUTE BHIUMCIUTH 3HaueHue pyHKImu Riemann-Zeta npu 0.5, Bol MoxkeTe
Hamevaratb s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

B HEKOTOpBIX YacTO BCTPEYAIOIIMXCS ClydyasX, OObIYHOEe (DYHKLMOHATIBPHOE OOO3HAUeHHE TAKXKe CIIOCOOCTBY-
eT ymoOCTBYy W3-3a TOrO, YTO MAaTeMaTHUYeCKHe BBIPAXKEHWS MOTYT BBIIVISNETh 3alyTaHHO IPU KCAOJb30BAHUU
00BEKTHO-OPHEHTHPOBAHHOrO 0003HaueHus. Hanpumep:

sage: n = 2; n.sqrt()

sqrt (2)

sage: sqgrt(2)

sqrt (2)

sage: V = VectorSpace (QQ, 2)
sage: V.basis ()

sage: basis (V)

sage: M = MatrixSpace(GF (7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,41); A

[1 2]

[3 4]

sage: A.charpoly('x")

X2 + 2*x + 5

sage: charpoly (A, 'x'")

BA2 A 2%+ 5

It Toro, 4ToOBl MEPEeUYMCIIUTh BCe WieHb-(hYHKIMK 11 A, Hamevyaraite A ., a 3aTeM HaXMHTEe KHOMKY [tab] Ha
Bareit ki1aBuaType, Kak OmnmucaHo B pazaeiie Oopamtviii NOUCK U A8MOOONOAHEHIEe
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5.5 Cnucku, KopTexu n nocnenoBaTefibHOCTU

Tun gaHHBIX CIIUCOK MOXKET XpPaHUTH B ceOe IEMEHTHI Pa3HbIX TUIIOB JaHHBIX. Kak B C, C++nu T.4., HO B OTJIMYUE OT
APYyrux anre6pa1/1qe(:1<1/1x CUCTEM, JIEMCHTHI CITMCKAa HAYMHAIOTCA C MHICKCA 0:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; Vv

[2, 3, 5, '"x', Symmetric group of order 3! as a permutation group]
sage: type (v)

<... 'list'>

sage: v[0]

2

sage: v[2]

5

ITpu MHAEKCUPOBAHUY CIIMCKA, TPUMEHEHHE UHIEKCOB, He SIBJISIIONIMXCS LeJIbiM YrcioM Python, cpaboraeT HOpMabHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # pemoe umcmo Sage

sage: v[n] # paboraer NpPaBHIBLHO

3

sage: v[int(n)] # roxe paboraeT NPaBHIbHO
3

OyHKIMSA range Co3[JaeT CIUCOK LIEJbIX Yuces, ucrnosbzyembix Python(ne Sage):

sage: list (range(l, 15))
(1, 2, 3, 4, 5, o, 7, 8, 9, 10, 11, 12, 13, 14]

370 YHOOHO, KOTa IJIsI CO3AAHM CIIFICKOB UCIIOIB3YeTCs BUJI CITUCKA:

sage: L = [factor(n) for n in range(l, 15)]

sage: L

i, 2, 3, 222, 5, 2 * 3, W, 273, 32, 2 ®* 5, 11, 2722 =% 3, 13, 2 = 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

f2, 3, 5, 7, 32, 11, 13]

Jlnst GompIero MoHMMaHUs cruckoB cM. [PyT].

PaciiernieHue CriucKoB - 3TO 04eHb YA00HbI HHCTPYMeHT. JIomycTuM L - 3TO CIIUCOK, TorAa L [m: n ] BEpHET MOJI-CIMCOK
L, mostyYeHHBIN, HAYMHAsI C JIEMEHTA Ha [IO3KLIUHM 170 M 3aKaHIMBAsI JIEMEHTOM Ha TO3ULKH (1 — 1), Kak MOKa3aHO HUKE.

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

5, 2 = 3, 7, 2°3, 3*2]

sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 5, 274, 17, 2 * 372, 19]

KOpTe)KI/I HNMCIOT CXOJACTBO CO CITMCKAaMM, OJHAKO OHU HEU3MCHACMBI C MOMEHTA CO3daHUA.
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sage: v = (1,2,3,4); v
(1, 2, 3, 4)

sage: type (V)

<... 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

ITocnemoBaTeIbHOCTH - 9TO THUIT JAHHBIX, CXOKHMH ITI0 CBOMCTBAM CO CHUCKOM. IlociieqoBaTe IbHOCTH KaK TUIT JAaHHBIX He
BCTpoeHH! B Python B oTmiume ot ciickoB U KopTeskei. [1o yMordaHmio, MoCief0BaTeIbHOCTD SIBJISIETCST U3MEHSIEMOMH,
OIHAKO MCHOJB3Yyd METOI set_immutable u3 Kjacca Sequence, OHa MOXET OBITh CZEJIaHA HEU3MEHAEMOM, KaK
MOKa3aHO B CJIEAYIONIEM MpUMepe. Bee a1eMeHThI TI0C/eJOBaTeIbHOCTH UMEIOT OOIIEero poauTesisi, UMEHYEeMOro YHH-
BEPCYMOM I10CJIEOBATEBOCTH.

sage: Vv
sage: Vv
[P 20, 3, 45

sage: type (v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1l])

<class 'sage.rings.rational.Rational'>

sage: v.universe ()

Rational Field

sage: v.is_immutable ()

= Sequence([1,2,3,4/51)

False
sage: v.set_immutable ()
sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

HOCIIGJIOBEITCIII)HOCTI/I MOryT OBITH KCIIOJIb30BAHBI BeE31E, I MOI'yT OBIThH MCIIOJIb30BAHBI CITUCKU:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

True

sage: list (v)

[1, 2, 3, 4/5]

sage: type(list (v))

<... 'list'>

Bazuc 1151 BEKTOPHOTO TOJIsI SIBJISIETCS] HEM3MEHSIEMOH TI0CIIe/IOBATENIbHOCTBIO, TAK KaK OYeHb BAKHO HE U3MEHSTh HX.
70 MOKA3aHO B CIEAYIOIIEM TPUMeEpe:

sage: V = Q0"3; B = V.basis(); B

(1, 0, 0),
(0, 1, 0),
(0, 0, 1)

sage: type (B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
(continues on next page)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: B.universe ()
Vector space of dimension 3 over Rational Field

5.6 CnoBsapwu

CroBapb (Takxke UMEHYeMblii aCCOLIMATUBHBIM MAaCCMBOM) - 9TO COMOCTABIICHHE ,,XIUIUPYEMbIX“ 00bEKTOB (KaK CTPOKH,
YyHhca U KOPTeXH U3 HUX; CM. JoKyMeHTanuio Python: http://docs.python.org/tut/node7.html u http://docs.python.org/
lib/typesmapping.html) TpOM3BOIBHBIM OOBEKTAM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

TpeTI/Iﬁ KJIIOY TOKa3bIBACT, YTO UHACKCHI CJIOBAPA MOTY OBITh CJIOKHBIMH, KaK, HAITPUMEP, KOJIbLO HEJIbIX YHCCII.

MO:XHO IpeBpaTUTh BBILIEONMCAHHBIN CJIOBAPH B CIIMCOK C TEM K€ COAEPKUMBIM:

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

Yacto HCHOHLSyEMOﬁ HpaKTHKOﬁ ABJIACTCA ITPOU3BEACHUC I/ITCpaHI/Iﬁ IO Iapam B CJIOBape:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items ()]
[8, 27, 64]

Kak noka3zpIBaeT nocjaeqHuil IpuMep, CJIoBapb He YHOPSAOYEH.

5.7 MHoXecTBa

B Python €CThb BCTpOGHHLIﬁ THUII MHOX€ECTBO. I TaBHbIM NPEUMYIIECTBOM ITOI'O TUIIA ABJIACTCA 6bICTpLIﬁ IpOCMOTD, IPO-
BEPKaA TOro, MpUHAJICKUT JIU DJIEMEHT MHOKECTBY, a TAKIKE OOBIUHBIE orepanvu u3 T€COpur MHOKECTB.

sage: X = set([1,19,'a']l); Y = set([1,1,1, 2/3])

sage: X # random sort order
{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

sage: X.intersection (Y)
{1}

B Sage Takxe umeercsi CBOM TUIM JAaHHBIX MHOXECTBO, KOTOPBIH (B HEKOTOPBIX CJIy4yasix) OCYIIECTBJEH C UCIOJIb30Ba-
HHEM BCTPOEHHOIO THIa MHOXecTBO Python, HO BKJOYaeT B ceOs1 (hyHKIIMOHATIBHOCTD, CBsI3aHHYI0 ¢ Sage. Co3naiiTe
MHOXECTBO Sage ¢ momomipio Set (. . . ). Hampumep,

sage: X = Set([1,19,'a'l); Y = Set ([1,1,1, 2/31)
sage: X # random sort order

{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])

True

sage: Y

{1, 2/3}

sage: X.intersection (Y)

{1}

sage: print (latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set (z2Z)

Set of elements of Integer Ring

5.8 Utepatopbl

HrtepaTopl - 3TO CpaBHUTEIILHO HelaBHee nobapieHue B Python, koTopoe siBjsieTcsi OUeHb MOJIe3HBIM B MaTeMaTiye-
CKHUX MPUIOKeHUsIX. HeckoIbKo MprMepoB MCHOIB30BaHIS UTEPATOPOB IIPUBEICHHI HIKe; moapoonee cM. [PyT]. 3neck
CO3J1aeTCs UTepaTop AJIs KBaIpaToB HeoTpuLaTeabHbx urcen 1o 10000000.

sage: v = (n”2 for n in range(10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

Crnenyiomuil mpuMep - CO31aHue UTEPATOPOB M3 MPOCTBIX YMceN BUAA 4p + 1 ¢ MPOCTHIM p U MPOCMOTP HECKOJIbKUX
MEPBBIX 3HAUEHUIA:

sage: w = (4*p + 1 for p in Primes () if is_prime (4*p+1))

sage: w # random output Ha cuaenyomes crpoke 0xb0853d6c MoxeT ObITh OPYIHM_
—MeCTHaNaTHOHYHBIM YHCJIIOM

<generator object at 0xb0853d6c>

sage: next (w)

13
sage: next (w)
29
sage: next (w)
53

OHpC}]CJ’[CHHLIe KOJIblIa, KaK U KOHEYHLIC TTOJIA U LIEJIbIE YUCJla, UMEIOT UTEPATOPLI:

sage: [x for x in GF (7)]
[0, 1, 2, 3, 4, 5, 61

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

sage: W = ((x,y) for x in ZZ for y in Z7Z)
sage: next (W)

(0, 0)

sage: next (W)

(0, 1)

sage: next (W)

(0, -1)

5.9 Linknbl, oyHKLMN, yNpaBnsitoLne KOHCTPYKLLMA U CPaBHEHUS

MBI yske BUIETN HECKOJIBKO PHMEPOB C MCIIONIb30BaHWEM LMKJIOB for. B Python ki for umeer TabynmnpoBaHHYIO
CTPYKTYDPY:

>>> for i in range(5):
print (i)

s w N e O

3amMeTbTe IBOETOUME Ha KOHIE BhIpaxkeHHs («do» mimm «od», kak GAP wmm Maple, He MCIIONB3YIOTCS), @ OTCTYIIBI TIepet
«TeJIOM» IMKJIa, B YACTHOCTH, Mlepell print (1) . DT OTCTYNBI BaXHBL B Sage OTCTYIIBI CTaBATCS aBTOMATHUYECKH TIPU
HaXXaTUU enter MOCe «», KAK MOKA3aHO HUXKE.

sage: for i in range(5):
60008 print (1) # HaxmMuTe Enter IOBaXOhl

CuMBoJ = nctonb3yeTcs A nprucBanBaHust. CUMBOJI == UCHOJIB3YETCs AJIs TPOBEPKH PaBEHCTBA:

sage: for i in range(15):

e if gcd (i, 15) == 1:
50008 print (i)

1

2

4

7

8

11

13

14

Nwmeiite B BUAY, Kak TaOyJSIMs ONpelesseT CTPYKTypy OJIOKOB st onepaTopoB if, for m while:

sage: def legendre(a,p):
e is_sgr_modp=-1
e for i in range(p):
(continues on next page)
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50008 if a $ p == 1i"2 % p:
e is_sqgr_modp=1
e return is_sqgr_modp

sage: legendre(2,7)

sage: legendre(3,7)
=i

KoneuHo, 310 He 3¢dexTuBHasd peamm3anusa cuMBoia Jlexanapa! JJaHHbBIA pUMep CITyKUT JIMIIb WUTIOCTpaLe pas-
HBIX aCcIeKToB mporpammupoBanus B Python/Sage. ®ynkuusa {kronecker}, BcrpoeHHas B Sage, NOACUUTHIBAET CUMBOJI
Jlexaunpa acpdekTuBHO ¢ rcnons3oBanueM 6ndmorek C, B 9aCTHOCTH, ¢ Mcnonb3oBaHueM PARI.

CpaBHeHus ==, ! =, <=, >=, >, < MEX/Ly YACJIAMH aBTOMATHYECKH MEPEBOAAT 00a WieHA B OMMHAKOBBIA THIIL:

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

HUcnone3yiite nepemeHHble bool 1151 CHMBOJIbHBIX HEPABEHCTB:

sage: x < x + 1

x < x + 1

sage: bool(x < x + 1)
True

[pu cpaBHEeHNN OOBEKTOB Pa3HOTO THIA B OOJBIIMHCTBE CIyYaeB Sage TOIMBITACTCS HAUTH KAHOHUIECKOE TPUBEICHIC
o6oux K obuiemy poauteno. Ilpu ycriexe, CpaBHEHHE BHIIOJIHSIETCS MEXK/LYy MPUBEIEHHBIME 0OBEKTAME; €CIIH HET, TO
00OBEKTHI OY/IyT paclieHeHbl Kak HepaBHbIe. [{J1sl IPOBEPKU paBEHCTBA JIBYX NEPEeMEHHbIX UCTIoNb3yiiTe 1 s. Hanpumep:

sage: 1 is 2/2

False

sage: 1 is 1
False

sage: 1 == 2/2
True

B crienyrommx qByX CTpoKax epBoe HepaBeHCTBO AaeT Fa l se, Tak Kak HeT KaHOHn4YecKoro Mopdusma Q — Fs, moato-
MY He CyIecTByeT KaHoHI4YecKoro cpaBHeHus Mexay 1 B Fs n 1 € Q. OnHako, cymecTByeT KaHOHUYIECKOE PUBEICHIE
Z — F5, nosToMy BTOpOE BhIpakeHHe JaeT True. 3aMeThTe, MOPAJOK He UMeeT 3HaUeHHU .

sage: GF (5) (1) == QQ(1); QQ (1) == GF(5) (1)
False

False

sage: GF(5) (1) == ZZ(1); ZZ(l) == GF(5) (1)
True

True

sage: ZZ(1l) == QQ(1)

True

BHUMAHUE: CpaBHenne B Sage mpoBogutcst Gosiee KECTKo, ueM B Magma, kotopast oobsBisier 1 € Fjs paBHbIM

1€Q.

74 Masa 5. MporpammupoBaHue




Sage Tutorial in Russian, Bbeinyck 10.4

sage: magma ('GF (5)!1 egq Rationals()!1") # optional - magma
true

5.10 MpodunuposaHue

Agtop paznena: Martin Albrecht (malb@informatik.uni-bremen.de)
«IIpexaeBpeMeHHast ONTUMHU3AIIMS - ITO KOPEHb BCETO 371a.» - JJoHamba KayT

YacTto oueHb MOJIe3HO IMPOBEPATHL KOJ Ha cnabble MecCTa, IOHUMaTh, KaKM€ 4YaCTU OTHHUMAIOT HanOOIIbIIIEE BpEMA Ha
BBIYUCJICHUSA; TAKUM o6pa30M MOJHO y3HaTb, KaKHM€ 4aCTU KOJla HaJ0 OIITUMH3UPOBATDL. PythOIl u Sage MMpeaoCTaBIACT
HECKOJILKO BO3MOXHOCTEM IJ1d HpOCl)I/IJ'[I/IpOBaHI/IH (TaK Ha3bIBACTCA 9TOT npouecc).

CaMmblii IETKH Iy Th - TO MCTIOIb30BaHUE KOMaH bl pr un. OHa BO3BpaIaeT KpaTKyo HH(GOPMAIIMIO O TOM, KaKoe BpeMs
OTHMMaeT Kaxjas ¢pyHkuus. Jlajnee ciemyeT mpuMep yMHOXEHHSI MaTpULl U3 KOHEUHbIX MOJIEH:

sage: k,a = GF(2**8, 'a').objgen/()
sage: A = Matrix(k,10,10, [k.random_element () for in range(10*10)1])

sage: Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)
12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__ )
1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(_mul_ )
1903 0.120 0.000 0.200 0.000 finite_field _element.py:47(__init__ )
1900 0.090 0.000 0.220 0.000 finite_field element.py:376 (__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__ )
1 0.070 0.070 1.100 1.100 matrix.py:864(_mul__ )
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

B naHHOM mpuMepe ncalls - 3TO KOJMYECTBO BBI3OBOB, tottime - 3T0 obLiee BpeMsl, 3aTpauyeHHOE Ha OIpe/iesIeH-
HyI0 (PyHKIMIO (32 UCKJTIOUYEHHUEM BPEMEHH BbI30BOB CyO-(yHKIMI), percall - 9T0 OTHOIIeHHe tottime k ncalls.
cumt ime - 910 oOLIee BpeMs, IOTpayeHHOe B 9TOH U BceX cyO-(pyHKIMAX, percall - 9TO OTHOIIEHHE cumt ime K
YKCIly NPUMUTHUBHBIX BBI30BOB, filename:lineno (function) nmpeagocTaBiasfeT MH(POPMALMIO O KaXA0H (PyHK-
. YeMm BbIie (yHKIMST HAXOJUTCS B 9TOM CITHCKE, TeM OOJIbIlle BpEMEHH OHA OTHUMAET.

prun? NOKaXeT OETalIu O TOM, KaK UCII0JIb30BaTh KOMaHay Hqu)I/IJII/IPOBaHI/IH 1 MIOHMUMAThb pE3yJibTaT €€ UCIO0JIb30Ba-
HHA.

Ipodumupyromas uHbopMaIsa MOXET ObITh BIIMCAHA B 00BEKT ISl O0Jiee MOAPOOHOTO U3YYCHHUS:

sage: Sprun -r A*A
sage: stats = _
sage: stats?

3ameTKa: BBOJ stats = prun -r A\*A OTO6pa3I/IT CHMHTaKCUYECKYIO0 OH.II/I6Ky, TaKk Kak prun - 3TO0 KOMaHJIa
o6osouku IPython, a He oObluHasE (PyHKIMS.

s rpadudeckoro orodpaxkeHus npodwmpyomeid nHpopmanun, Bel MoxeTe ucnonk3oBath hotshot - HeOOJBIION
CKpUIT, Ha3BaHHBIA hotshot2cachetree n mporpammy kcachegrind (tonpko B Unix). ToT ke mpumep ¢ MCTIONB30-
BaHueM hotshot:
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sage: k,a = GF (2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element () for _ in range(10*10)1])
sage: import hotshot
sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run("A*A")
<hotshot.Profile instance at Ox4l4cllec>
sage: prof.close()

PesynbTaT Oyaer nomereH B a1 pythongrind.prof B Tekylell padodeil AupekTopuu. s BU3yanu3anuu 1a
uHpopMaiusa MoxeT ObITh TiepeBezieHa B hopmat cachegrind.

B cucteMHOM 000104KE BBEIUTE

[hotshothalltree -0 cachegrind.out.42 pythongrind.prof ]

BbixonHoit dhaiin cachegrind.out .42 Tenepb MOXeT ObITh MPOAHAIM3UPOBAH ¢ OMOMIbI0 kcachegrind. 3a-
METhTE, YTO 0003HAUEHUE cachegrind.out . XX OOKHO OBITH COOJTIOAEHO.
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rnABA O

cnonb3osaHne SageTeX

Bcerpoennsiii B Sage naket SageTeX no3BossieT BHEAPATh pe3yIbTaThl BBIUUCIEHUH B JokyMeHT Tuna LaTeX. [Ins Toro,
YTOOBI MCIIOJIb30BATh JJAHHBIA MAKET, MOHAJ0OUTCS «YCTAaHOBHUTb» €ro B JIOKAIbHYIO cicteMy TeX (1o «ycTaHOBKOI»
noapa3yMeBaeTcs KOmMpoBaHue ogHoro daitna). Cm. Yemarnoska, a Takxke pasgen «Make SageTeX known to TeX»
PykoBojcTBa 10 yctaHOBKe Sage (JlaHHas CChUIKA BEJET K JIOKAJIbHOMY Pa3MELIEHUI0 KOITUY PYKOBOJCTBA 110 YCTAaHOBKE).

B atom ypoke mokaszan HeGousblIoOH mpuMep ucrnonb3oBaHus SageTeX. IlonHas NOKyMeHTaumsi HaxoguTcs B
SAGE_ROOT/venv/share/texmf/tex/latex/sagetex, rage SAGE_ROOT - 3TO OUPEKTOpPH:, B KOTOPOH
YCTaHOBJIEH Sage. DTa MalKa COAEPXHUT TJOKYMEHTALHIO, (haiil ¢ puMepoM U 1oJie3Hble CKpunThl Python.

st Hauana pa6oTsl ¢ SageTeX cneayiiTe yka3aHUsIM 110 YCTAaHOBKeE (B Ycrmaroeka) N BCTaBbTE CIIEYIOIIUS TEKCT B (haii
Ha3BaHHBIN, CKaXeM, st_example.tex:

Ipenynpexxaenne: Huxecnaeayomuil TEKCT MOKET COEPKATH HECKOJBKO COOOIEHHI 00 OMMOKaX, CBI3aHHBIX C
HEU3BECTHBIMHU YIIPABJISIONMMHE [OCJIE0BATEILHOCTAMHE, €CJIM Bbl HCMOJIb3yeTe MHTEPAKTUBHYIO IIOMOIIIL. OTKpOTE
CTaTUYECKYIO BEPCHIO, YTOOBI YBUJIETh [TPABUIILHBIN TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document }

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
$S\sage{number_of_partitions(1269)}$ integer partitions of $1269S$.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}
f(x) = exp(x) * sin(2*x)
\end{sageblock}

(continues on next page)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

The second derivative of $f$ is
\ [

\frac{\mathrm{d}"*{2}}{\mathrm{d}x"~{2}} \sage{f(x)} =
\sage{diff (f, x, 2) (x)}.
\]
Here's a plot of $f$ from $-1$ to $1$:

\sageplot{plot (f, -1, 1)}

\end{document }

Banycrute LaTeX mis st_example . tex. 3amerste, uto LaTeX OyaeT kanoBaThcs Ha HEKOTOPBIE BEIIU, KAK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st_example.tex/plot-0.eps on page 1 does not exist.
Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on st_example.sage,
and then run LaTeX on st_example.tex again.

Cpenu aityioB, creHeprpoBaHHBIX mociie 3amycka LaTeX, ects dailn st_example.sage, SBISIOMUNACT CKPUI-
ToM Sage. CoolleHune, Moka3aHHOe BbIllIE, Ipelaraio 3anyCcTuTh st_example. sage, OITOMY CTOUT Tak U Clie-
nate. 3ateM Oynet npemioxkeHo 3amyctuth LaTeX s st_example . tex eme pa3; nepes 3TuM OyaeT co3IaH (aiit
st_example. sout. DToT (aili cCOnepKUT pe3ybTaThl BhUKCIeHHI B Sage B ¢opmarte, ynooHom st LaTeX. HoBast
narka, cogepxaiias EPS-caiin ¢ rpadukom, Takke Oyaer co3naHa apromatudecku. 3amycrure LaTeX ere pas: Bee,
410 OBUIO BBIYMCIIEHO B Sage, Tenephb BKJIIOYEHO B Baii 1okyMeHT.

IMepeuricaum maru:
» zanycrutre LaTeX g .tex aitna;
* 3amycTuTe Sage AJIs CTeHepHUpPOBAaHHOTO .sage (haiina;
* 3anycrure LaTeX eme pas.

HyHKT C 3aIllyCKOM Sage MOJKHO IMPOITyCTUTD, €CJIN HUKAKUE NU3MCHEHUS HE OBLIN MMPUMEHEHBI K KOMaH1aM Sage B IOKYy-
MCHTEC.

SageTeX mpemyiaraeT MHOTO BO3MOXKHOCTEH, U Tak Kak Sage n LaTeX SBAAI0TCS MOITHBIMU HHCTPYMEHTAMH, TO CTOHT
n3yuyuth SAGE_ROOT/venv/share/texmf/tex/latex/sagetex.
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rMABA /

[Mocnecnosue

7.1

NMouyemy Python?

7.1.1 NMpeumywiectsa Python

OcCHOBHOI1 s13bIK peanu3aimu Sage — 310 Python (cm. [Py]), oiHako Koj, KOTOPBIH JI0keH 00padaThBaThCsi OBICTPO,
HaINvCcaH Ha KOMIIMJIMpYeMoM si3bike. Y Python ects psg mpeumyinecTs:

CoxpaHeHnne 06e€KTOB IIMPOKO KUCIoJb3yeTcs B Python. B Python npucyrtcrByer noguepsxka coxpaneHus (1o-
YTH) MOOBIX OOBEKTOB HA JIVICK WU B 023y JaHHbIX.

3ameuaresbHas MOAAEPXKKA JOKYMEeHTAlMM (PYHKIMHA 1 TAKETOB B MCXOAHOM KOJie, BKJIIOYasi aBTOMAaTUIECKHI
JOCTYII K IOKyMEHTAIU! ¥ aBTOMAaTU4ECKOE TECTUPOBAHUE BCEX MPHMepOB. IIprMepsl MpoBEPSIIOTCS aBTOMATH-
YeCKH Ha PeryJisipHON OCHOBE U MX IPaBUIIbHASL pa00TOCIIOCOOHOCTh rApaHTUPOBAHA.

VnpaBiaenne namsiteio: Python viMeer mpogymMaHHBIH M CTAOWIBHBIN MEHEKep NamMsATH U cOOpIIMK Mycopa,
KOTOpbIE MCIIPABHO PadOTAIOT C IIMKINYECKMMH CCHUIKAMM U MO3BOJISIOT UCIONb30BATh JIOKAJIbHBIE TIepeMEHHbIE
B (paiinax.

Python nmeeT MHO2K€eCTBO NIAKETOB, JOCTYIHBIX yXKe ceiiyac, KOTOpble MOT'YT ObITh MHTEPECHBI TOJIb30BATE ISIM
Sage: uncieHHbII aHaM3 U JIMHelHas anreopa, 2D u 3D Busyanuzanuusi, ceTh (17151 pacripe/ie/IeHHbIX BEIYHUCIEHUI
Y CepBEpOB, HAIIPUMeEp C IoMoIpio twisted), mogaepskka 6a3 JaHHBIX U T.J.

IMopTupyemocts: Python ¢ JIerkocThio KOMIIMIMPYETCSI Ha OOJIBIIMHCTBE IJ1AT(OPM B CUMTAHHBIC MUHYTHI.

Pa6oTra c uckarouennsasmu: Python coaep uT CIOXHBIN U TPOJYMaHHBI MeXaHU3M padoThl C UCKITIOUSHHUSIMY,
6aarofapsi YeMy IporpaMMBl IPOJIOJIKAIOT padoTaTh Jaxe P BOSHUKHOBEHUH OLTMOOK B BHI3BIBAEMOM UMM KOJIE.

OTJIaﬂ‘-[I/IK: PythOIl BKJIIOUAET B ce0s OTIaJYUK, TaK YTO KOrJa NporpaMma HE pa60TaeT 10 KaKOH-TO Ipu4nHe,
IOJIb30BATEJIb MOKET NNOJIYYUTh JOCTYII K UCTOPUU CTEKA, IPOBEPUTH COCTOSAHUE H€O6XO)]I/IMI)IX NEPEMECHHBIX, I1€-
peMenmaTbCd 10 CTEKY.

IIpodumpoBmuk: cymectByer mpoduinpoBIrK Python, KOTOpbIHA 3amycKaeT KO M CO3/1aeT OTYET MO KOJIH-
YeCTBY BBI30BOB M BPEMEHH PaOOTHI Kaxka0W (PYHKIIUH.
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¢ SI3bIK: BMecTo TOro, 4TOOHI IKCAaTh HOBBII SI3BIK I MAaTeMATHKH, Kak 3To ObUIO cliesaHo uisl Magma, Maple,
Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u T.., Mbl UCTIOJIb3YyeM s13bIK Python, KOTOpBbIii sIB1S-
€TCs MOMYJIIPHBIM A3bIKOM IIPOrpaMMUPOBAHNUS; OH aKTUBHO Pa3BUBAETCA U ONTUMU3UPYETCS COTHAMM OINBITHBIX
CIIEIMAJIMCTOB TIO MPOrpaMMHOMY obecrieueHno (cM. [PyDev]).

7.1.2 MNpe-napcep: Pasnuuua mexny Sage n Python
B HekoTopbix MaTeMaTHueckux acrektax Python moxer BBecTH B 3a0iysk[eHHe, NO3TOMY Sage BeAeT ceOsi HEMHOTo
JIPyruM 00pa3oM.

e O0o3HavyeHHe BO3Be/IeHNsI B CTeNeHb: * * BMecto . B Python, * o3HauaeT «uckmountenbHO win (X0r)», a
HE BO3BE/ICHUE B CTENeHb, Tak B Python:

>>> 278
10

>>> 372
1

>>> 3**)
9

Hcnonp3oBanue ~ MOXET MOKA3aThCsl CTPAHHBIM; TO HE TaK BaXKHO JJIs1 MATEMaTHUECKUX UCCIIEJOBAHUI, TTOTOMY
KaK «HCKJIIOYMTENIBHO WJIM» WCIIOJB3YeTCs IOBOJIBHO penko. s ynoOcTBa, Sage MCIob3yeT Ipe-rapcep At
MIPOBEPKH KOJa Iepejl TeM, Kak OH repejaercs B Python, u cumBos ~ (eciti OH HE HAXOAUTCS B CTPOKE) 3aMEHsIET

Ha **:

sage: 2”8
256

sage: 372

9

sage: "3"2"
|3/\2l

e Jlenenue mesbix ynces: Boipaxkenne 2 /3 B Python o3Havaer He To, 4ero oxugaer MateMatuk. B Python 2,
€CJI M | N - LeJIble YKCIa, TO m/n TaKke LeJI0e YUCIO, eClM ObITh TOUHee, TO eNas YacTh OT JAeJeHUs m Ha n.
CrenoBartenbHo 2 /3=0. B coobmectse Python oOcysxkaaeTcsi BApuaHT U3MEHEHHsl oriepaTopa Tak, 4Ttoosl 2/ 3
BO3BpAILAJIO YHCJIO C [IABAIOIEeH Toukoi 0. 6666. . .,a 2/ /3 Bo3Bpamaio 0.

B unTepnperarope Sage MbI HCTOIB3yeM 0003HaYeHHe Integer () W JeJeHHe UCTIONb3yeM KaK KOHCTPYKTOp
JUIs1 pallMOHaIBHBIX urces. Hanprimep:

sage: 2/3

2/3

sage: (2/3) .parent ()
Rational Field

sage: 2//3

0

¢ Boubmmue meJpie yncaa: Python umeeT BCTpOSHHYI0 MOAACPKKY IEJBIX YUCENT MPOM3BOJIBHON TOYHOCTH B J0-
noHeHne K C-int'amM. OHE HAMHOTO MeJJIeHHee, YeM To, 4To mpenoctapister GMP, a Takke UMEOT CBOHCTBO:
CHMBOJT L, B KOHIIE, YTOOBI OTJIMYATh X OT NMEPEeMEHHBIX THIA int (M 3TO He U3MEHUTCS B OvokaiiineM Oyayiiem).
Sage ucnonp3yeT 1esble YKca Mporu3BOJIbHOM TOUHOCTH ¢ OMOIIbI0 GMP C-O0u0IMOTeKH, U OHU BBIBOASITCS HA
9KpaH Oe3 L.

Bmecro m3meHenns unTteprperatopa Python (kak mocTynmuim HEKOTOpBIE JIOAM JUIS BHYTPEHHHUX MPOEKTOB), MBI HC-
nosb3yeM Python kak ects, u mpumensieM nipe-napeep a1 [Python tak 4toOs moBegeHre KoMaHIHOM cTpoku [Python
COOTBETCTBOBAJIO OKMAAHUSAM MATEMaTHKOB. DTO O3HAYAeT, YTO JI0OOW CyIecTBYOIMiA Ko Ha Python mMoxer OBITh
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Ucnosb30BaH B Sage. OJHAKO, HY)XHO IPUAEPKMBAThcs cTaHaapTa Python npu HammcaHuM MakeToB, KOTOpblE OyIyT
UMIIOPTUPOBAaHHI B Sage.

(Uto6mI ycTaHOBHTH MakeT Python, KOTOpHI, CKaxeM, Bbl HAIIUTA B MHTEPHETE, CIeIYHTe HHCTPYKIIUH, HO 3aITyCKaiTe
sage -python BMecTo python. OueHb 4acTo 9TO O3HAYAET, YTO HYXKHO BBECTH sage -python setup.py
install.)

7.2 Kak npuHSATb yyacTme B pa3paboTtke Sage?

Ecmy Bbl X0THTE IOMOYB B pa3padoTke Sage, 9T0 OyIeT oLeHeHo 1o AocTouMHCTBY! [ToMols MOXeT BapbHpOBaThCS OT
BHECEHHs U3MEHEHUIA B KOJI IO JOTIOJHEHU s CIIPABOYHON MH(pOPMALUK 1 HaXOXJeHHsI Oaros.

IMonmmyTe nH(OpMANHIO A1 Pa3padOTINKOB HA [TIABHOM CTpaHMIIEe Sage; KpOMe BCETro IPOYero, Bbl MOXKETe HANTH CITH-
COK IIPOEKTOB, CBSI3aHHBIX C Sage, OTCOPTUPOBAHHBIX 110 MIPHOPHUTETY U KaTeropuu. PyKoBOJICTBO pa3zpodoTunka Sage
COJIEPXKUT MOJIe3HYI0 HHGOPMAIINIO; BBl TAKKE MOXKeTe y3HaTh Ooubiiie B Google-rpymie sage—devel.

7.3 Kak npaBunbHO ccbinarbcq Ha Sage?

Ecnu BBl ucnonb3yere Sage s HanvcaHusl paboThl, TOKATYHCTa, YKakKUTE, YTO BBIYMCIIEHUS] ObUIM MPOU3BENIEHBI C
nomouipio Sage. Bximouurte

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

B paznen oubnmorpaduu (3ameHss 8.7 Bepcuelt Sage, KOTOpyIo BB UCTofb3yeTe). Kpome Toro, moxkanyiicra, mocrapaii-
TeCh OTCJIE/IUTh, KAKME KOMITOHEHTHI Sage ObLIM UCIOJIb30BaHBI [Uisl Bhiuucienuii, Hanpumep PARI?, GAP?, Singular?
Maxima?, u yKaxuTe 3TH cuctemMbl. EcJii Bbl COMHEBaeTeCh 0 TOM, KaKoe IporpaMMHoe obecriedeHre UCTIONb3yeTCsl s
BBIYMCIIEHUH, 3aaiiTe Bonpoc B Google-rpynne sage-devel. CM. [loauromvbl 00HOl nepeveritoli s JabHENIEro
00CyXAeHUsI ITON TEMBI.

Ecv BB IpOYMTaIIN 9TO PyKOBOACTBO OT HAYaJsIa 10 KOHIIA, U y BAC €CTh COOOpakeH s [0 ITOBO/Y BPEMEHH, 3aTPaYeHHOTO
Ha Hero, MoXaJTyHcTa, BEICKakuTe cBoe MHeHHe B Google-rpynre sage—devel.

Hacnaxpaiitecy Sage!
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rnABA 8

JlononHeHwe

8.1 Mpuopurtet GMHapHbIX apuchmeTMHECKUX ONnepaTopos

Yro takoe 3°2*4 + 2%57? 3Hauenue (38) onpesesieHoO M0 3TOW «TabuIe IPHOPUTETa oriepaTtopoB». Tabnuna Huxe
ocHoBaHa Ha Tabsuue u3 § 5.14 kauru Python Language Reference Manual, G. Rossum and F. Drake. Onepartopsl
PacrosIokeHbl B MOPSIIKE BO3PACTAHMUS CTAPLIMHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

>, <=,>,>= === comparison

+, - addition, subtraction

* /1, % multiplication, division, remainder
R R exponentiation

CnenoBatebHO, YTOOBI [IOCUUTATh 3°2*%4 + 2%5, Sage paccrasisier CKOOKM Tak: ( (37°2)*4) + (2%5).CHauana
CUMTAETCI 372, TO eCTh 9, 3aTeM CUMTAIOTCA (372) *4 1 2%5, M HAKOHEL] OHU CKJIAJIbIBAIOTCS.
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Bubnnorpadoms
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Intepatypa

[SJ]

[ThreelS]

Cython, http://www.cython.org

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, https://www.
gap-system.org

GAP Packages, https://www.gap-system.org/Packages/packages.html
PARI/GP, https://pari.math.u-bordeaux.fr/
Magma, http://magma.maths.usyd.edu.au/magma/

Maxima, http://maxima.sf.net/

NagleEtAl2004] Nagle, Saff, and Snider. Fundamentals of Differential Equations. 6th edition, Addison-Wesley, 2004.

The Python language, http://www.python.org/

The Python Beginner’s Guide, https://wiki.python.org/moin/BeginnersGuide
Python Developer’s Guide, https://docs.python.org/devguide/

Python Library Reference, https://docs.python.org/3/library/index.html
Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/

The Python Tutorial, https://docs.python.org/3/tutorial/

Sage web site, https://www.sagemath.org/

G.-M. Greuel, G. Pfister, and H. Schonemann. Singular 3.0. A Computer Algebra System for Polynomial
Computations. Center for Computer Algebra, University of Kaiserslautern (2005). https://www.singular.
uni-kl.de

William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm. Computer
Algebra {39} (2005) 61-64.

three.js, http://threejs.org
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